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Abstract

The paper is devoted to the numerical solution of algebraic systems of the type (A%+¢l)u = f,
0<a<l1,¢>0 ufeRN where A is a symmetric and positive definite matrix. We assume
that A is obtained by finite difference approximation of a second order diffusion problem in
Q Cc RY d = 1,2 so that A® + ¢l approximates the related fractional diffusion-reaction
operator or could be a result of a time-stepping procedure in solving time-dependent sub-
diffusion problems. We also assume that a method of optimal complexity for solving linear
systems with matrices A + cl, ¢ > 0 is available. We analyze and study numerically a class
of solution methods based on the best uniform rational approximation (BURA) of a certain
scalar function in the unit interval.

The first such method, originally proposed in Harizanov et al. (2018) for numerical so-
lution of fractional-in-space diffusion problems, was based on the BURA r4(£) of £17¢ in
[0,1] through scaling of the matrix A by its largest eigenvalue. Then the BURA of ¢~¢ in
[1,00) is given by t~'r,(t) and correspondingly, A~'7,(A) is used as an approximation of
A7, Further, this method was improved in Harizanov et al. (2019) using the same concept
but by scaling the matrix A by its smallest eigenvalue. In this paper we consider the BURA
7o (€) of 1/(67% + q) for € € (0,1]. Then we define the approximation of (A® + ¢I)~! as
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ro(A™%). We also propose an alternative method that uses BURA of £ to produce certain
uniform rational approximation (URA) of 1/({~%+¢). Comprehensive numerical experiments

are used to demonstrate the computational efficiency and robustness of the new BURA and
URA methods.

AbGcTpakT

Tazu crarus e mocBeTeHa Ha YUCJIEHOTO PEIIaBaHe Ha CUCTEMa JIMHEWHU aJireOpUYHU ypaB-
nerns or Buga (A® +¢gl)lu = f, 0 < a <1, ¢ > 0, u,f € RN, xpuero A e cumerpuuna,
MOJIOXKUTEJTHO OIIpejiesiena marpuiia. omyckame, 1e A e remepupana 1mocpeJiCTBOM MeTO/] Ha
kpaiinure paziukn (MKP), npuioxken kbm audys3noHHa 3aj1a4a 0T BTOPH PeJl B 00J1aCTTa
Q Cc RY d=1,2 raka, ue A® + ¢ wm 1a aIpPOKCHMUpa CHOTBETHHS JAPOGEH Mudy3MOHHO-
PEAKTUBEH OIepaTop WA Jia € pe3yJjiTaT OT BPEeMeBa JUCKPETU3AIMS IIPU PEIIaBaHETO HAa
HecTarmoHapHa cyo-mudysnonna 3aaada. CbIo Taka, mperoaaraMe, 16 pasmojiaraMe ¢ Ofl-
TUMAJIEH METO/[ 3a pelllaBaHe Ha ajreOPUIHU CUCTEMU JIMHEWHN ypaBHeHusi oT Buga A + cl,
¢ > 0. B pesysrar, anaauzupamMe U YUCJIEHO M3CJ€JBaMe KJIac OT METOJU 3a pelllaBaHe Ha
(A® + ¢gl)u, Gasupan Ha ejeMeHTa Ha Haii-700pa paBHOMEPHA DPAIMOHAJHA AlPOKCHMAIIUST
(BURA) 3a onpenesena ckajgapHa GyHKIUS B eIMHAYHIST HHTEPBAJL.

[IbpBusiT TakbB MeTOM, Npejyioked B Harizanov et al. (2018) 3a uucsieno pernaBane Ha
JIPOOHU-TIO-IIPOCTPAHCTBOTO Judy3noHHE 3aja4u, ce ocHoBaBa Ha BURA esemenra 14 (§) 3a
€172 5 [0, 1] mocpeacTBOM CKaMpane Ha MaTpHIaTa A ¢ Hafi-roasaMaTa i cOOCTBEHa CTOMHOCT.
Torasa, BURA enementsT 3a t~ B [1,00) ce 3amucsa Kato t~ 17, (t) m chorserHo A~1r, (A)
ce m3nous3Ba 3a npubamkenne Ha A~ Tosu meron 6e mopassur B Harizanov et al. (2019),
U3I0JI3BAKN ChINAaTa KOHIEIIUsI, HO CKaJupaiiku Marpumnara A ¢ Hail-MaJkaTa i coOCTBEHA
croitnoct. B macrosmara crarus pasriaexgame BURA enementa 74(§) 3a 1/(£7% + ¢) upn
¢ € (0,1]. Cnen ToBa nedburnpame npubmkennero Ha (AY + ¢l)~! mocpeacTeom 74 (A™Y).
Coio Taka, mnpejiaraMe U ajJTepHATHBEH MOJIX0 38 IPECMsITaHe Ha OIPEJIEJIEH eJIEMEHT Ha
paBHOMepHO paironaano npubmkerne (URA) 3a 1/(£7 + ¢), 6asupan na BURA enemenTa
3a £“. [IpoBesienn ca pejuiia IUC/IEHN €KCIIEPUMEHTH, KOUTO JIEMOHCTPUPAT M3UUCIUTETHATA

edekruprocT u pobacraoct Ha HoBUuTe BURA 1 URA Meroan.
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Abstract

Let us consider the non-local problem —L% = f, o € (0,1), L is a second order self-adjoint
elliptic operator in Q C IR? with Neumann boundary conditions on Q. The problem is
discretized by finite difference or finite element method, thus obtaining the linear system
A%u = f, A is sparse symmetric and positive semidefinite matrix. The proposed method
is based on best uniform rational approximations (BURA) of degree k, rqj, of the scalar
function t*, ¢t € [0,1]. Then, the approximate solution u, of the fractional power linear
system is defined as u = uy = A, O‘ra’k(/\gAT)f , where As is the first positive eigenvalue of
A, and A" stands for the Moore-Penrose pseudo inverse of A. The BURA method reduces
the non-local problem to solution of k linear systems with matrices A + d;,Z, d; > 0, i =
1,--- , k. An exponential convergence rate with respect to k is proven. The error estimates
are robust with respect to the condition number of A in the subspace orthogonal to the
constant vectors. The algorithm has almost optimal computational complexity assuming
that optimal iterative solvers are applied to the auxiliary sparse linear systems. The first
group of numerical tests illustrate in details the obtained theoretical results. Finite difference
discretization of a model 2D problem is used for this purpose. The second part of numerical
tests demonstrate the applicability of BURA methods for 3D problems in domains with
general geometry. Linear finite elements on unstructured tetrahedral meshes with local mesh
refinement are used in the presented large-scale experiments, confirming also the almost

optimal computational complexity.

AGcTpakr

Ha pasriename nHesokasnara 3anada —L% = f, o € (0, 1), Kbgero L e caMocpertsar eJmil-
THYEH OIepaTop OT BTOpH pei B obsacrra 0 C IRY ¢ rpamnunn yemoust bpxy 02 or Tui
Hoitman. Bajadara e qucKpeTusupaHa mocpejcTBOM MeToj| Ha Kpaiinu pasjuku (MKP) nim
meros Ha kpaitan esementn (MKE) n e monydena smneitnara cucrema A%u = f, 3a kosito
A e paspejiena, cuMeTpuYHA W MOJOXKHUTEIHO ITIOJIyOlpe/iesieHa MaTpua. [Ipeiokenusar B
CTaTHATa METOJ[ 3a pelllaBaHe € Oa3MpaH Ha eJeMEHTa T Ha Haif-106p0 PaBHOMEPHO paliu-
onasno npubmmkenne (BURA) or cremen k 3a ckanapuara dynknus t¢, ¢ € [0,1]. B pe-
3yJITaT, IPUOJIMIKEHOTO PellleHne Uy Ha JIMHeHATa CUcTeMa OT JIpOOHA CTeIleH ce 3a/[aBa Ipes3
u Uy = Ay 70 k(A2 AN, KBeTo A2 e naii-mMasTkaTa nosoxKuTeNHA coBCTBeHa CTOMHOCT 3a A,

ac Al cme osmaummm ncesmo-obparHara Marpuia 3a A B emucbia za Myp-Ilenpoys. BURA
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METOIbT PEAyIpa HeJIOKAJTHATA 3a/1a9a 10 PEIIaBaHeTo Ha k JIMHEWHW CUCTEMU C Pa3peIeHu
varpum A+ d;Z, d; > 0,i=1,--- k. JlokazaHa e eKCIOHEHITHAHA CKOPOCT Ha CXOIUMOCT
B 3aBUCHMOCT OT k. OIeHKUTEe 3a I'pelKkara ca POoOACTHU CIPSIMO YHCJIOTO HA OOYCIOBEHOCT
3a A B IMHEHHOTO TOIIPOCTPAHCTBO, OPTOTOHAJIHO Ha KOHCTAHTHUTE BEeKTOpH. [Ipemiokenn-
AT aJTOPUTHBM IIpUuTezKaBa IIOYTHU OIITUMaJIHA U3YUC/IUTE/THA CJIO2KHOCT IIPU IIPEJIITOJIOZKEeHue,
e ce nmpujiararT ONTUMAJHU UTEPATUBHHU COJIBLPHU 3a PEIIABAHETO HA MMOMOIHUTE PAa3PEIeHU
JIMHETHN CUCTEMH. H’praTa rpylia OT IIPOBE/IEHU YNCJIEHU EKCIIEPpUMEHTU ﬂeTaI‘/'I.HHO NJIFOCT-
pupa U3BEJIEHUTE TEOPETUIHH PE3YJITATH, KATO 3a 1eJta e npuiaoken MKP kbm monerna 2D
3aja4da. Bropara 9acT OT IPOBEICHUTE UUC/IEHU €KCIEPUMEHTH JEMOHCTPHUPA TPUI0KUMOCT-
ta Ha BURA wmeromuTe KbM 3ajadm B TpuMepHa OOJACT CbhC CJIOXKHA NeOMeTpus. 3a Te3n
roJIeMHU 33J1a41 Ca W3II0JI3BAHU JIMHEHHU KpaiH! eJEeMEHTU BbpPXY HEeCTPYKTYPUPAHU TeTpa-
€JIPAJTHA MPEXKH C JIOKAJIHO CI'bCTSBAHE, KATO IMOYTU OTIUMAJIHATA U3YUCTUTESHA CJIOZKHOCT

Ha aJITOpPUTMHUTE € YUCJICHO IIOTBBbPJACHa U B Ta3W IIOCTaHOBKA.
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Abstract

The numerical solution of spectral fractional diffusion problems in the form A% = f is
studied, where A is a selfadjoint elliptic operator in a bounded domain Q C R?, and o € (0, 1].
The finite difference approximation of the problem leads to the system A%u = f, where A
is a sparse, symmetric and positive definite (SPD) matrix, and A% is defined by its spectral
decomposition. In the case of finite element approximation, A is SPD with respect to the
dot product associated with the mass matrix. The BURA method is introduced by the
best uniform rational approximation of degree k of t* in [0,1], denoted by rq . Then the
approximation u; ~ u has the form u; = cof+2f:1 ci(A—Ji]I)_lf, CTZ < 0, thus requiring the
solving of k auxiliary linear systems with sparse SPD matrices. The BURA method has almost
optimal computational complexity, assuming that an optimal PCG iterative solution method

is applied to the involved auxiliary linear systems. The presented analysis shows that the

absolute values of first {CE} . can be extremely large. In such a case the condition number
1=

of A — d:']l is practically equal to one. Obviously, such systems do not need preconditioning.
The next question is if we can replace their solution by directly multiplying f with —c¢;/ cz
Comparative analysis of numerical results is presented as a proof-of-concept for the proposed
RS-BURA method.
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AbcTpakT

B Tasu craTus e n3yvuaBaHo YUCIEHOTO pPEIeHUe Ha 3a]a9H ChC CIIEKTPaJIHa APOOHA Audy3ust
or Buga A% = f, kbaero A e caMocuperHar eJunTHYeH OIepaTop B OorpaHudeHa obJacT
Q Cc RY aa € (0,1]. duckpernsamus upe3 KpaiiHu pasimKu Bogu 10 cucreMara A%u = f,
KbJeTo A e paspejsiena, cumerpuuHa u nojoxuresnno onpejenena (CIIO) marpumna, a A ce
JnedUHUpaA TOCPEJICTBOM CIIeKTpaHaTa W jgekoMmo3urus. [Ipu guckpernsaiins ape3 KpaitHm
enementu A e CIIO marpura cripsMo CKajJapHOTO POU3BEIEHUE, WHIYIUPAHO OT MaTpH-
nmata Ha macata. BURA mMerombT e 3ammcan Ha 6a3a eleMeHTa Ha Haif-1oOpO pPaBHOMEpPHO
parmoHasHo npubimkenne or crened k 3a t* B [0, 1], koifTo me o3sHauaBMe C T . Torasa
IpUOINIKEHUETO Uy, &~ U ¢ BbB Buua u; = cof + Zle ci(A — (Z']I)_lf, cz < 0, caexoBarei-
HO M3UCKBa pelraBaHeTo Ha k criomararejHu juHeitHu cucremu ¢ paspenean CIIO marpurnm.
BURA meTombT mpuTekaBa MOYTH ONTHMAJHA MIUUCTUTEHA CJIOYKHOCT TIPU TPEJTOIOMKE-
HUE, Y€ Ce U3IO0JI3BAT ONTUMAJHU UTEPATUBHU COJIBbPHU, DA3UpaHU Ha METOJa Ha CIPerHaTUsI

TPAUEHT C MPEOOYCTOBUTE, 3a PEITaBaHeTO Ha IOMOIIHUTE Pa3pPE/IeHN JTUHEHHN CHCTEMHU.

~ K
[IpencraBenusaT anaan3 mokasBa, e abCOTIOTHUTE CTOMHOCTH HA IIbPBUTE {dz} MoraT Jia
i=1

ca M3KJIIOYUTEIHO rojieMr. B TakbB ciIydaii 9Mc/I0TO Ha 00YyCI0BEHOCT 3a A — Jﬂl € Ha Mpak-
TuKa equHUa. OUYeBUIHO, TAKUBa, CUCTEMHU He Ce HYXKJAsT OT rnpeobyciassite. Cre BamusiT
BBIIPOC € JAJI MOXKEM HaII'bJIHO J1a U30ErHeM TSIXHOTO pelraBaHe Upe3 AUPEKTHOTO YMHOXKa-
Bane Ha f ¢ —¢;/ JZ IIpencraBen e cpaBHUTE/IEH €KCIEPUMEHTAJICH AHAJIN3, UIIOCTPUPAIIL HA

KOHIENITYAJTHO HUBO MpEeMMCTBATa Ha Tpeioxkennst peayrumpad BURA merop.
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Abstract

The paper is devoted to the numerical solution of algebraic systems of the type A®“u =
f, 0 < a < 1, where A is a symmetric and positive definite matrix. We assume that A
is obtained from finite difference or finite element approximations of second order elliptic
problems in R? d = 1,2 and we have an optimal method for solving linear systems with
matrices A + cl. We study and compare experimentally two methods based on best uniform
rational approximation (BURA) of t¥ on [0, 1] with the method of Bonito and Pasciak, (Math
Comput 84(295):2083-2110, 2015), that uses exponentially convergent quadratures for the
Dunford-Taylor integral representation of the fractional powers of elliptic operators. The
first method, introduced in Harizanov et al. (Numer Linear Algebra Appl 25(4):115-128,
2018) and based on the BURA r,(t) of t1=® on [0, 1], is used to get the BURA of t~® on

bt
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[1,00) through t~1r,(t). The second method, developed in this paper and denoted by R-
BURA, is based on the BURA r;_,(t) of t* on [0, 1] that approximates t~* on [1,00) via
rl__l o(t). Comprehensive numerical experiments on some model problems are used to compare
the efficiency of these three algorithms depending on «. The numerical results show that R-
BURA method performs well for « close to 1 in contrast to BURA, which performs well for

a close to 0. Thus, the two BURA methods have mutually complementary advantages.

AbcTpakT

CrarusTta € HOCBeTEHa Ha YHCAEHOTO pellaBaHe Ha JUHEeHHH ajreOpUYHU CUCTEMHU OT TH-
na Aa = f, 0 < a < 1, kbjero A e cuMerpuyHa U IOJIOXKUTEIHO OIpeJIe/ieHa MaTPHUIIA.
[Ipenmonarame, e A e renepupana nocpejacreom MKP win MKE 3a enuntuanun 3ama4du ot
sropu peq B R?, d = 1,2 u, ue pasmosarame ¢ ONTHMAJIEH METOJ 32 DEIaBaHe Ha JIHHeHHI
cucremu ¢ marpuiu A + cl. V3ciensame n 9ucjieHO CpaBHsIBaMe JBa COJIBbpa, 6asupaHu Ha
Haii-106poTo paBHOMepHO panuonaaHo npubsmxkenne (BURA) za 7 B [0, 1] ¢ merona Ha Bo-
auro u ITamek (Math Comput 84(295):2083-2110, 2015), KOHTO M3MOJI3Ba €KCIOHEHIHAIHO
CXOAIIM KBaApaTypHu (HOpMY/IU 3a MHTErPAJHOTO mIpeictaBsane oT Tull budopa-Teitabp
Ha JIpoOHATA CTeleH Ha eJuNTHYeH onepartop. [IbpeusT merosn, npejioxken B Harizanov et
al. (Numer Linear Algebra Appl 25(4):115-128, 2018), usnonssa BURA esnemenra r,(t) 3a
t172 5 [0, 1] 3a ga anpokcuvmpa t~% B [1,00) upes t~'74(t). Bropuar meron, paspaboren B
nacrosimara crarust u osnaden ¢ R-BURA, usnonssa BURA enementa r1_4(t) 3a t* B [0, 1]

3a ja anpokcumupa t~% B [1, 00) mocpeacTBom rlila

(t). IlpoBesienn ca u3vepraTe/ HI YUCICHA
E€KCIIEpUMEHTHU BbPXY MOJAEJIHU 3a1a91 3a Ja C€ CpaBHAT ereKTI/IBHOCTTa Ha TpUTe aJI'OPUTb-
Ma B 3aBUCHMOCT OT «. [losmyuenute pesynratn nokassat, ue R-BURA merona ce mpescrabs
nobpe npu « 6im3kKo 10 1, 3a pasiauka or BURA meroma, KoiiTo ce npeicrass go0pe Ipu o
osmsko 1o 0. Taka, npara BURA Meroma npurexkaBaT B3aWMHO JIOIbJIBAIIN C€ HPEIUMCTBA

Ipu pernraBaHeTO Ha TO3U KJlaC 3aJa'vdU.
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Abstract

We consider the numerical method for fractional diffusion problems which is based on an
extension to a mixed boundary value problem for a local operator in a higher dimensional
space. We observe that, when this problem is discretized using tensor product spaces as is
commonly done, the solution can be very well approximated by low- rank tensors; we provide

some analysis to support this observation. This fact motivates us to apply iterative low-rank
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approximation algorithms in order to efficiently solve this extended problem. In particular, we
employ a recently proposed greedy Tucker approximation method as well as a more classical
greedy rank one update method. Throughout, all objects of interest are kept in suitable low-
rank approximations, which dramatically reduces the required amount of memory compared
to the full formulation of the extended problem.

Our approach can be used for general, non-structured space discretizations. If the space
discretization itself has tensor product structure, we can further decompose the problem in
order to deal with even lower-dimensional objects. We also note that the approach can be
directly applied to higher-order discretizations both in space and the extended variable.

A further contribution of our work is a rank one version of a diagonal preconditioner which
can mitigate the severe ill-conditioning of the extended problem arising due to mesh grading
and singularity of the coefficient. This preconditioner can be realized using a simple pre- and
postprocessing step and does not affect the computational effort of our algorithm.

In several numerical examples, we demonstrate the convergence behavior of the proposed
methods. In particular, the Tucker approximation approach requires only a few iterations in

order to reach the discretization error in all tested settings.

AbcTpakT

Pasrnexmame gucien meron 3a 3ajgadu ¢ gapobna audy3us, 6azupaH HA AHAJIATHIHO IIPO-
JI'bJI2KEHHE JI0 JIOKAJIHa 33/1a49a ChC CMECEHH I'PAHUYHM YCJIOBHS BbpPXY 00JIACT OT IO-BHCOKA
pasMepHocT. 3abesisi3BaMe, 1€ MPU CTAaHIaPTHA JUCKPETHU3AIs Ha 3aJadaTa C IOMOIINTa Ha
IPOCTPAHCTBA OT TEH30PHU [IPOM3BEACHNS PELICHUETO Ha 3a1adaTa MoXKe J1a Obie MHOIO 100-
peé alpOKCUMUPAHO IIOCPEJICTBOM TEH30PHU OT HUCHK PAHI, KOETO HabOJIIOJEHHUE HOJKPEIsIMe C
IIOMOIITa HA aHAJUTUYHHA cpeacTBa. To3n ¢pakT HI MOTHUBHPA Ja IPUIOKUM UTEPATUBHU aJI-
TOPUTMU 38 MPUOJIMKEHNS OT HUCHK PAHT C IeJI e(peKTUBHO /1 PEIInM IIPOIb/I2KEHATa, 38/1a49a.
B gacrrOCT, IpriaramMme HaCKOPO MPEJIOKEH aJdeH METOJl 38 allpoOKCHMAIs Ha TbKbp, Kak-
TO U IIO-KJIaCUIECKH aJI9YHN METOJIMU OT II'bPBU pPaHT. B IIAJI0TO U3JIOZKEHNE BCUYKHN U3CJIeIBaHN
00eKTH ca IPeJCTaBEHN IIOCPEICTBOM IIOAXOISINN IPUOINYKEHNA OT HUCHK PaHI, KOETO Ipa-
MaAaTUYHO HaMaJIdBa Hy)KHOTO KOJINYeCTBO KOMITIOT'bPHA ITaMe€T B CpaBHEHUE C KJlaCHuYeCcKaTa
dopMyINpPOBKa Ha IpOIbJIKEeHaTa 3a1a4a.

[ToaxoabT HU € IPUJIOKUM U 32 0DOOITEHN, HECTPYKTYPUPAHHU IPOCTPAHCTBEHN TUCKPETH-
sanuu. Koraro camara npocTpaHcTBeHa JUCKPETU3AIMsI UMa CTPYKTYPa Ha TEH30PHO [IPOU3Be-
JeHue, Hue MOXKEM JIOII'bLIHUTESIHO 12 PA3JI0KUM 33/1a9aTa U Ja paboThM BbPXYy 00EKTH ¢ JOPHU
ole mo-HucKa pasmepHocT. CbIo Taka, J1a 0TOeJeKUM, U MMOAX0Ia € AUPEKTHO IPUIOXKIM
K'bM JIMCKPETU3AIUN OT BUCOK PEJl KAKTO 10 IIPOCTPAHCTBEHATA, TaKa U 110 JIOII'bIHATETHATA,
[POMEHJIIBA.

JlomrbiHUTEIEH IPUHOC OT HalmaTa paboTa € pPaHr eIHO BEepCHUsl Ha JUaroHajieH Ipeodyc-

JIOBUTEJI, KOUTO MO2Ke Ja CMEKYM M3KJIIOYHUTE/JIHO JIoIIaTa O6yCJIOB€HOCT Ha IIPOJbJzKEeHaTa



3a/1a4a, Bb3HUKBAIIA [P JIOKAJIHO CI'bCTSIBAHE HA MPEXKaTa /Ui CUHTYJISIPHOCT Ha Koedbu-
merTa. To3u mpeobyc/IOBUTEN MOXKeE Jla Ce PEAJIM3Uupa ¢ MOMOIITA Ha IUPEKTHA CThIKA (TIpen
WM CJIeJ] CAMOTO YHMCJIEHO pelllaBaHe) W He 3acsira HsIOCTHATA U3YUCJIUTENHA e(DEKTHBHOCT
Ha HAIUs aJTOPUTHM.

JlemoHCTpUpaMe CKOPOCTTA HA CXOAUMOCT Ha TPEJJIO?KEHUTE METOIU BbPXY HIKOJIKO UHC-
JIEHW TIpuMepu. B 9acTHOCT, IpW BCUYKHM TECTBAHU ITOCTAHOBKHU Ha 3a/adaTra, HOIXOIbT Oa-
3UpaH Ha alpoKcuMaIus Ha THKbD ce Hy»XKJae OT e/IBa HIKOJJIKO UTEPAIUU 33, J1a JIOCTUTHE

IIopdabKa Ha I'pPEIIKaTa OT JUCKPETU3aIlnd.
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Abstract

Recently, there is a growing trend to improve the quality of life, while reducing energy con-
sumption and emissions of COs. Here, the use of sensors, con- trollers, and indoor positioning
brings us closer to achieving this goal. The aim of this note is outline an attempt at use of
modern infrastructure for optimization of energy management in a building. An architec-
ture of a solution that uses data from sensors to control the state of the object is presented.
Performed experiments focus on optimal placement of networking infrastructure inside the
building.

AGcTpakr
Hamocireabk ce HabIIOMaBa HapacTBAIla TEHIEHIS 38 T0I00psIBaHe Ha KAYeCTBOTO Ha JKUBOT,
CbIIEBPEMEHHO HAMAJIABANKN KOHCyMallUsiTa Ha €HepIrusl U BbLJIEPOJHUTE eMucun. V3mours-
BAHETO Ha CEH30pU, KOHTPOJIEPU U B3UMAHETO 110l BHUMAaHUE HA BBTPEIIHOTO PA3IOJI0KEHNE
Ha 0DeKTHTEe HU JIOOJIMXKaBa JI0 OCBINECTBsIBAHETO Ha Tasu uies. lleara Ha HacTosiara cra-
THSI € Ja OUepTae OIUT 3a [IpUjIaraHe Ha CbBpeMeHHA HMHQPPACTPYKTYpa 3a ONTHMU3UpaHe Ha
E€HEpPrUiHOTO yIIpaBjeHue B crpaja. lIpejacraBeHa e apXuTeKTypa Ha pelleHne, U3I0JI3Balla
CEeH30pHU IAHHU 38 KOHTPOJ BBPXY CbCTOSTHHETO Ha obekTa. HalpaBeHuTe UHCIEHH €KCIIe-
pUMeHTH ce POKYCHPAT BbPXY OINTHMAIHOTO PA3IOJIOKEHHE Ha MpPeXKoBaTa HHMPACTPYKTYPa

BBTPE B Crpajiara.

. S. Harizanov, S. Margenov, N. Popivanov. Spectral Fractional Laplacian with Inhomogeneous
Dirichlet Data: Questions, Problems, Solutions. In 13th Annual Meeting of the Bulgarian
Section of the Society for Industrial and Applied Mathematics, BGSIAM 2018, SCI 961, pp
123-138. Springer, 2021. SJR: 0.185 ISSN: 1860-949X
ISBN: 978-303071615-8 http://dx.doi.org/10.1007/978-3-030-71616-5_13
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Abstract

In this paper we discuss the topic of correct setting for the equation (—A)*u = f, with
0 < s < 1. The definition of the fractional Laplacian on the whole space R™, n = 1,2,3
is understood through the Fourier transform, see, e.g., Karniadakis et.al. (arXiv, 2018).
The real challenge however represents the case when this equation is posed in a bounded
domain 2 and proper boundary conditions are needed for the correctness of the corresponding
problem. Let us mention here that the case of inhomogeneous boundary data has been
neglected up to the last years. The reason is that imposing nonzero boundary conditions
in the nonlocal setting is highly nontrivial. There exist at least two different definitions of
fractional Laplacian, and there is still ongoing research about the relations of them. They
are not equivalent. The focus of our study is a new characterization of the spectral fractional
Laplacian. One of the major contributions concerns the case when the right hand side f is
a Dirac § function. For comparing the differences between the solutions in the spectral and
Riesz formulations, we consider an inhomogeneous fractional Dirichlet problem. The provided

theoretical analysis is supported by model numerical tests.

AbcTpakT

Tasu craTust AUCKyTHpa TemMaTa 3a MPABUJIHATA IIOCTAHOBKA Ha ypaBHeHHeTO (—A)’u = f, Kb-
nero 0 < s < 1. Jledunnrusita Ha apobHUs omeparop Ha Jlammac BbpPXH ISITOTO TPOCTPAHCTBO
R™ n =1,2,3 e cebp3ana ¢ tpanchopmanusita na Oypue, suxk nanpumep Karniadakis et.al.
(arXiv, 2018). McTuHCKOTO Ipeu3BUKATENCTBO, Obade ce KpHe B Cilydast, KOraTo yPaBHEHHETO
e 3aJ1aJIEHO BbpXY OrpaHmdeHa objacT () u ca HeOOXOIUMU TMOIXO/ISIIIN TOLIHATETHN TPa-
HUYHI yCJIOBUS 33 J1a Oblle ChOTBETHATA 3a/ata MaTeMaTUudIecKn KopekTHa. Jla criomeneMm, e
JI0 CKOPO TIOCTaBSIHETO Ha HEXOMOTEHHU TPAHUYHE YCJIOBUS € OUI0 HAIILJIHO MpeHeOpersaHo
B JinTeparyparta. [Ipuannaara e, 9e B ciiydasl Ha HEJOKAJIHA 3a/lada TOBA U3UCKBA CUJIHO HET-
puBnaJsieH anajn3. CbIIeCTBYBAT IIOHE J[B€ HEEKBUBAJIEHTHH JePUHAIINNA HA JIPOOEH OrepaTop
Ha Jlamac, KaTo u 710 JHEC ce W3CjeBaT Bpb3kuTe MeXIAy Tsax. QoKychbT Ha Ta3um craTusi
€ BbpXy XapaKTEPUCTUKUTE HA TO3W OMepaTop. EuH OT OCHOBHWTE HU MPUHOCH € CBbpP3aH
CbC cirydast JasicHara crpaia f na Obje Jlupak dyHkiusTa §. 3a WIIOCTpUpaHe Ha PA3IUKUTE
B peIeHnsiTa Ha CIEeKTpaJHaTa (GOPMYJTHPOBKA HA OMEpaTopa W Ta3w Ha Purl, pasrmexmga-
Me JIpobHa 3ajava ¢ HeXOMOTeHHU I'pannvHu yciaosus Ha Jlupuxie. 3Benenusar TeoperutieH

aHaJIn3 € IMMOAKPEIICH OT MOJC/JIHN YNCJICHU €KCIIEPUMEHTH.

. L. Lirkov, S. Harizanov, M. Paprzycki, M. Ganzha. Performance analysis of parallel high-
resolution image restoration algorithms on Intel supercomputer. Concurrency and Computation:
Practice and Experience 33(4), €5996. John Wiley and Sons Ltd, 2021.

IF: 1.536 (Q3, WoS) ISSN: 1532-0626 https://dx.doi.org/10.1002/cpe.5996


https://dx.doi.org/10.1002/cpe.5996

Abstract

In this article, we present an experimental performance study of a parallel implementation
of two Poissonian image restoration algorithms. Hybrid parallelization, based on MPI and
OpenMP standards, is investigated. The implementation is tested for high-resolution radio-
graphic images, on a supercomputer based on Intel Xeon processors, combined with Intel Xeon
Phi coprocessors. The experimental results show an essential improvement in the execution

times, when running experiments for a variety of problem sizes, and number of threads.

AbcTpakT

B tasu crartus e npejicraBeH eKCliepUMEHTAJNEH CPABHUTENIEH aHAJIN3 BbPXY Pe3yJiTaTa OT Ma-
paJiesiHaTa peasn3alus Ha IBa aJTOPUTHM 32 Bb3CTAHOBJABAHE HA JUTUTAJHU U300PAKEHUS,
sambpcenn ¢ [loaconoB mym. N3cnensana e xubpuaHa mmapaJjean3amnust, ocHoBana Ha MPI u
OpenMP crannapru. ChoTBeTHATA UMILIEMEHTAIUSTA € TECTBAHA BbPXY paauorpadcku n300-
pPaXKeHHUsi C BUCOKa Pe30JIIoNus Ha cynepkoMioTbp ¢ Intel Xeon mporecopu B komOunarus ¢
Intel Xeon Phi komporiecopu. ExcriepumvenTaiinuTe pe3yaTaTu MOKA3BAT ChIECTBEHO 110100~
peHne BbB BPpEMEHATA 33 M3II'bJHEHUE Ha IIPOrpaMara, KOraTo ce TeCTBAT PA3JINIHU PasMepu

Ha M300pakeHusATa U OPOi M3MO/I3BAHU HUIIIKH.

. N. Popivanov, S. Margenov, . Ugrinova, S. Harizanov, T. Hristov. Mathematical and computer
modeling of COVID-19 transmission dynamics in Bulgaria by time-depended inverse SEIR
model. In 46th International Conference on Applications of Mathematics in Engineering and
FEconomics, AMEE 2020, AIP Conference Proceedings 2333, 090024. AIP Publishing Haus,
2021. SJR: 0.177 ISSN: 0094-243X ISBN: 978-073544077-7
http://dx.doi.org/10.1063/5.0041868

Abstract

Since the end of 2019, with the outbreak of the new virus COVID-19, the world changed
entirely in many aspects, with the pandemia affecting the economies, healthcare systems and
the global socium. As a result from this pandemic, scientists from many countries across
the globe united in their efforts to study the virsus’s behavior and are attempting to predict
mathematically its infection model in order to limit its impact and developing new methods
and models to achieve this goal. In this paper we explore a time-depended SEIR model, in
which the dynamics of the infection in four groups from a selected target group (population),
divided according to the infection, are modeled by a system of nonlinear ordinary differential
equations. Several basic parameters are involved in the model: coefficients of infection rate,
incubation rate, recovery rate. The coefficients are adaptable to each specific infection, for

each individual country, and depend on the measures to limit the spread of the infection and
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the effectiveness of the methods of treatment of the infected people in the respective country.
If such coefficients are known, solving the nonlinear system is possible to be able to make
some hypotheses for the development of the epidemic. This is the reason for using Bulgarian
COVID-19 data to first of all, solve the so-called “inverse problem” and to find the parameters
of the current situation. Reverse logic is initially used to determine the parameters of the
model as a function of time, followed by computer solution of the problem. Namely, this
means predicting the future behavior of these parameters, and finding (and as a consequence
applying mass-scale measures, e.g., distancing, disinfection, limitation of public events), a
suitable scenario for the change in the proportion of the numbers of the four studied groups
in the future. In fact, based on these results we model the COVID-19 transmission dynamics
in Bulgaria and make a two-week forecast for the numbers of new cases per day, active cases
and recovered individuals. Such model, as we show, has been successful for prediction analysis
in the Bulgarian situation. We also provide multiple examples of numerical experiments with

visualization of the results.

AGcTpakT

Ot kpas ma 2019 rommna u nosBsBanero Ha COVID-19 Bupyca, cBeTHT KOPEHHO Ce IPO-
MEHHM B Hali-pa3jMYHU TOCOKHU, TJIABHO IMOpagu edeKTa Ha IMaHJIEMUsITa BbPXU IbpPKABHU-
Te MKOHOMUKWY, 37PABHU CHCTEMHU W TJIODATHUS COIUyM. B pesysrar, peaura yIeHu OT IIsiI
CBSAT ce 00eIMHUXA B YCUJIUSITA CU JIa U3CJIEIBAT IOBEIEHUETO Ha BUPYCa U Jia Ce OIMUTAT Ma-
TEMaTUIECKN J1a, OTPEIEIAT MPABWIHAST WH(MEKIINO3eH Moe. B Tasm craTust pasriiexkiame
zasucerr, or BpeMmero SEIR Mozmest, mpu KoilTo [uHaMUKaTa Ha 3apa3siBaHe CpeJl TapreTupaHa-
Ta TOMYJIAINsT Ce MOJENPa MOCPEICTBOM CHCTEMa HEeJNHEHHN OOMKHOBEHU JU(DEepEeHITNATHI
YPaBHEHUSsI, OIUCBAINN BPb3KUTE MEXKJy UeTHUPHU OCHOBHM Ipymnu. MoJesrbT ce OCHOBaBa Ha
HSIKOJTKO 0a30BU TapaMeTph KaTO CKOPOCT Ha 3apa3siBaHe, MHKYOAIIMOHEH TEPHOJ, BpeMe 3a
Bb3cTaHOBsiBaHe. Te3n koeUIMEHTH ca CreuUIHN TPU BCEKU TUIl UH(MEKIUS U Ce pas3-
JIMYIABAT MEXKJY Pa3/JUIHUTEe JTbPKABU, TTOPAJIN PA3TNIHUTE HUBA HA MPEIIPUETH MEPKU 34
orpaHUYaBaHe PA3lpPOCTPAHEHUETO HA BUPYCA, KAKTO U pasjindHaTa e(eKTUBHOCT Ha J1000J1-
HOIHOTO W OOJTHUIHOTO Jiedenne. AKO Te3nm KOepUIUEHTH Ca TMPEIBAPUTETHO M3BECTHU, TO
peraBaHeTo Ha HeJUHEHHaTa cucTeMa JIMMEpPeHITuaJHA ypaBHEHUs OU MOTJIO J[a ITOMOTHE 3a
CbCTABSIHETO HA, XUIMOTE3U 38 OBACHIOTO MPOTHYIaHe Ha TaHIeMusaTa. llopann Tasm mpuanHa,
n3nosseaiiku oburmasante boarapcku COVID-19 nanuu, Hue HA I'BbPBO MSCTO pelIaBaMe
TaKa HapedeHaTa ‘oOpaTHa 3amada’ W Ce OMMTBAME 1A OIPeIeINM MOMEHTHHUTE CTONHOCTH
HA TE3W NapaMeTpU, KAKTO W IOBEJIEHNeTO UM KaTo (byHKIius Ha Bpemero. Cjen ToBa, ape3
KOMITFOTbPHU CHMYJIAIINNA C€ OIUTBAMe J1a IMPEeJCKaykeM IOIXOMIAIL ObIel] ClieHapuil 3a u3-
MEHEHHUE B IPOIOPIMATE HA YUCJICHOCT B YETUPUTE PA3rJIeXKJIaHu Ipymnu. bjarogapenne Ha
TO3U aHa M3, Mojenupaxme guHamukara Ha COVID-19 pasupocrpanenuero B Bbirapus u
U3TOTBUXME JIBYCEJIMUYHA MMPOTHO3a HAINPEJ BbB BPEMETO 3a JHEBHUs OpO¥l HOBO3apas3eHW,

AKTHUBHU 1 OSﬂpaBe‘HI/I/HO“IHHaHH CJIyv1au. MOJIGJI’])T U3rJIezKaa 1a € IMIpujIozKuM 3a CUTyaliudTa
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B B’bI[FapI/IH, KaTO CMe€ IpeaCTaBUJIN U peIulla YUCJIEHU EKCIIEPUMEHTHU C BUIYyaJIA3allvud Ha

IIOJIy9Y€eHUTE PE3yJITaTH.

. D. Toneva, S. Nikolova, S. Harizanov, D. Zlatareva, V. Hadjidekov. A dense approach for
computation of facial soft tissue thickness data. Forensic Imaging 25, 200460. Elsevier Ltd,
2021. SJR: 0.426
ISSN: 2666-2256 https://dx.doi.org/10.1016/7.fri.2021.200460

Abstract

Objective: The present study aims to propose a dense approach for computation of facial soft
tissue thickness (FSTT) data. For this purpose, three-dimensional surface models of the skull
and skin were generated from computed tomography (CT) data and all possible skull-to-face
distances were calculated for each skull-skin pair.

Material and methods: The CT images were obtained using a Toshiba Aquilion64 CT system.
Based on the scan data for each individual, surface models of the skull and skin were created in
InVesalius. The produced models represented orientable irregular dense triangulated meshes
with properly oriented outward-pointing normals. The model postprocessing was performed
in MeshLab and as a result only the face region from the models was kept. The skull-to-face
distances were computed in CloudCompare using the M3C2 plugin.

Results: The M3C2 plugin provides measurements perpendicular to the skull surface along the
direction of the outward-pointing normal vectors of the triangulated mesh. The measurements
originate only from the front skull surface since the distance calculations were restricted to
the positive half-space relatively to the normal. The number of calculated distances amounts
to over 70,000 per skull-skin pair.

Conclusion: The M3C2 plugin enables computation and visualization of dense data of FSTTs.

AGcTpakr

I]en: HacrosnoTo u3ciieiBane e Ja IpejjIoyKi CUCTEMATU3UPAH TI0JIX0J, 38 IIPECMATAHETO
Ha jebesmHara Ha Jjmnesara Meka Tbkad (FSTT). Iopaan Tasu npudmHa, Ype3 KOMIIOTbD-
Ha ToMorpadust ca reHepupaHd TPUMEPHU MOJEIN KaKTO Ha YeperHaTa MOBbPXHOCT, TaKa U
Ha KOXKAaTa BbLPXY Hesl U Ca ITPECMETHATU BCEBB3MOXKHUTE UePell-/I0-JIUIle PA3CTOSTHUT MEXKTY
CHOTBETHUTE JBOMKM OT TOUYKH U€PEI-KOXKA.

Memodu u mamepuaau: Jururanaure TomorpadcKu n300pakeHust ca TeHepUPaHu TOCPEIC-
TBoM ToMorpad Toshiba Aquilion64. IloBbpXHUHHE MOJE/N Ha Yepen W KoxKa, Oa3supaHd Ha
CKAHUDAHWTE JIAHHU 33 BCEKU WHJWBHUI, Ca Ch3JaleHu nocpeictBoM codryebpa InVesalius.
Tesu momesm ommcBaT OPUEHTHPYEME, HEPABHOMEPHHU, TPUAHTYJIUPAHU MPEXKHU C OPUEHTU-
paHM HaBbH eJuHuYHU HOpMmaJsu. [locTupornecunra um ce ocbinectBsiBa B MeshLab, karo B

pe3yjaTaTr caMoO JinkleBaTa obJtacT Ha MOJZIeJINTE Ce CbhbXpaHdBa 3a IIO-HaTaTbIITHA 06pa60TKa.
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PascrostHusiTa Uepen-koxka ca MoBb3J0B0 IpecMmeTHaTu upes codryebpa CloudCompare, us-
nosssain M3C2 mrbrum.

Pesyamamu: M3C2 mrbruabT OCUTYpsiBa U3MEPBaHUSI, IEPIIEHINKYJISPHA Ha YeperrHaTa, mo-
BBPXHOCT B IIOCOKa Ha BLHIITHO-COYEINaTa HOPMaJa BbB Bb3ejIa OT TPUAHTYINPAHATA MPEXKA
Ha deperia. b KATO M3MEPBAHUATA CA OFPAHUYUEHU CAMO BDLPXY IOJIOXKUTETHATA TIOJIYPaB-
HUHA CIIPAMO HOpMAaJiaTa, TO T€ OTTOBApST €IWHCTBEHO Ha TOYKHU OT JIUIEBATa YeperHa I0-
BbpxHOCT. O0muEsT OpOil MpecMeTHATH PA3CTOsSTHNS Bb3ju3a Ha Haj 70,000 3a nHAMBUTyaTHA
JBOIKa Ieper-KoxKa.

Sakarovenue: M3C2 IbruHBT MO3BOJISABA IPECMATAHETO U BU3YAJIM3AIUITA HA JJAHHUTE OT
FSTT-ra.

. S. Harizanov, N. Kosturski, I. Lirkov, S. Margenov, Y. Vutov. Reduced Multiplicative (BURA-
MR) and Additive (BURA-AR) Best Uniform Rational Approximation Methods and Algorithms
for Fractional Elliptic Equations. Fractal and Fractional 5(3), 61. MDPI AG, 2021.

IF: 3.313 (Q1, WoS) ISSN: 2504-3110
https://dx.doi.org/10.3390/fractalfract5030061

Abstract

Numerical methods for spectral space-fractional elliptic equations are studied. The boundary
value problem is defined in a bounded domain of general geometry, Q C R, d € {1,2,3}.
Assuming that the finite difference method (FDM) or the finite element method (FEM) is
applied for discretization in space, the approximate solution is described by the system of
linear algebraic equations A“u = f, a € (0,1). Although matrix A € R¥*N is sparse,
symmetric and positive definite (SPD), matrix A® is dense. The recent achievements in
the field are determined by methods that reduce the original non-local problem to solving k
auxiliary linear systems with sparse SPD matrices that can be expressed as positive diagonal
perturbations of A. The present study is in the spirit of the BURA method, based on
the best uniform rational approximation 74 x(t) of degree k of t* in the interval [0, 1]. The
introduced additive BURA-AR and multiplicative BURA-MR methods follow the observation
that the matrices of part of the auxiliary systems possess very different properties. As a result,
solution methods with substantially improved computational complexity are developed. In
this paper, we present new theoretical characterizations of the BURA parameters, which gives
a theoretical justification for the new methods. The theoretical estimates are supported by
a set of representative numerical tests. The new theoretical and experimental results raise
the question of whether the almost optimal estimate of the computational complexity of the
BURA method in the form O(Nlog? N) can be improved.
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AbcTpakT

WsciteiBanu ca 9uC/IEHN METOJIM 38 CIEKTPAJIHE JIPOOHU-TIO-IIPOCTPAHCTBOTO eJTUIITUIHA yPaB-
Henus. ['panudnaTa 3a7ada € 3a7aJIeHa BbPXY OTpaHndeHa OBJACT CbhC CJIOKHA TEOMETPHS
Q c R4, d € {1,2,3}. donyckaiikn, 4e 3a JUCKPETH3AIMS 10 IIPOCTPAHCTBOTO € 3MOI3BAH
MKP wnnun MKE, npubimkeHoTO perieHne ce OncBa Upe3 CHUcTeMaTra JIMHEHHN ajJredpuIHu
ypasuenna A%u = f, a € (0, 1). Maxap, e marpunara A € RV*N e paspesena, cumerpuana u
nostozkurenso onpeaesnena (CIIO), marpunara A® e HaBesikbie wrbTHA. [locaeanre mocTH-
JKEHUsI B Tas3u 00JIACT ce OCHOBABAT HA METOJM 3a PEIyKIUsl Ha OPUTMHAJHATA HEJIOKAJIHA
3aJ1ada 0 penaBaHeTo Ha k momornHu juneiinn cucremu ¢ paspegenn CIIO marpurm, kouto
ce n3pa3dBaT B IIOJIO2KUTE/JIHU KOHCTAHTHU OTMECTBaHUA 110 IVTaBHHUA JJHUaroHaJl Ha A HaCTO—
smeTo n3cirensane e B ayxa na BURA merona, 6asupan Ha ejleMenTa 1o ;(t) Ha Haii-1106po
PaBHOMEDHO DAIMOHAIHO HpubsmzKenne or crereH k 3a t* B uarepsada [0, 1]. IIpeioxkennre
mnosu agutueen BURA-AR u mynrunmkatnsen BURA-MR meronm 3a permaBane ce ocHOBa-
BaT Ha Ha,6.HIO,,Z[eHI/IeTO7 e MaTpunuTe 3a 9acCT OT IIOMOIITHUTE JIMHEeITHU cuCcTeMU npuTezKaBaT
CBIMECTBEHO PA3JINIHU CBOMCTBA OT OCTaHAJNTE. B pe3ynrar ca pa3paboTeHn aJrOPUTMHU ChC
CBINECTBEHO TOJ00peHa u3ducanTeHa eeKTuBHOCT. B crarusita ca m3BeJeHU HOBU TeOpe-
tnaan xapaktepuctukun Ha BURA mapamerpure, ocurypsiBamim TeopeTHdHa OOOCHOBKA HA
peJIoKEHUTe MOIUMUITUPAHT METOIA. 'Te0peTUIHUTE OIEHKH Ca MOIKPEIIEHN OT MHOXKECTBO
TIPEICTABUTETHU TUCIEHN eKCIepuMeHTn. HoBUTE TEOPEeTHIHN 1 eKCIIEPUMEHTATHI Pe3y/ITa-
TH MOBJWTAT BBIPOCA, TAJU MOUYTH ONTUMAJHATA OIEHKa 3a M3UUCIUTE/HATA CJIOXKHOCT Ha

BURA wmetozma BbB Buga O(N log? N ) He Moxke 1a 6b/e TomobpeHa.

. A. Badica, C. Badica, M. Bolanowski, S. Fidanova, M. Ganzha, S. Harizanov, M. Ivanovic,

I. Lirkov, M. Paprzycki, A. Paszkiewicz, K. Tomczyk. Cascaded Anomaly Detection with
Coarse Sampling in Distributed Systems. In 9th International Conference on Big Data Analytics,
BDA 2021, LNCS 13167, pp 181-200. Springer, 2022. SJR: 0.249
ISSN: 0302-9743 ISBN: 978-303096599-0
http://dx.doi.org/10.1007/978-3-030-96600-3_133

Abstract

In this contribution, analysis of usefulness of selected parameters of a distributed information
system, for early detection of anomalies in its operation, is considered. Use of statistical
analysis, or machine learning (ML), can result in high computational complexity and require-
ment to transfer large amount of data from the monitored system’s elements. This enforces
monitoring of only major components (e.g., access link, key machine components, filtering of
selected traffic parameters). To overcome this limitation, a model in which an arbitrary num-
ber of elements could be monitored, using microservices, is proposed. For this purpose, it is

necessary to determine the sampling threshold value and the influence of sampling coarseness
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on the quality of anomaly detection. To validate the proposed approach, the ST4000DMO000
(Disk failure) and CICIDS2017 (DDoS) datasets were used, to study effects of limiting the
number of parameters and the sampling rate reduction on the detection performance of se-
lected classic ML algorithms. Moreover, an example of microservice architecture for coarse

network anomaly detection for a network node is presented.

AGcTpakT

B rasu paspaborka e npejcTaBeH aHaIu3 Ha, [0JIe3HOCTTa Ha N30paHuTe IapaMeTpu B paslipe-
JesieHa MHMOPMALMOHHA CACTEMa 38 PAHHOTO 3acHYaHe Ha aHOMAJMH B paborara h. M3mos-
3BAHETO Ha CTATHCTHYECKN aHAIN3 WM MaluHHO camoobydenune (ML) morar ma joBenar 10
BHCOKAa U3YMCIUTEHA CJI0KHOCT U HEOOXOAUMOCT OT TpaHcdep Ha OIPOMHO KOJIHMIECTBO JaH-
HI OT €JIEMEHTHUTE Ha cjejeHaTa cucreMma. ToBa HaJiara CjaeIeHETO eIUHCTBEHO Ha OCHOBHHUTE
KOMITOHEHTH (HAIPUMED, JINHK 3a JOCTbII, KIIOYOBU MAIIMHHA KOMIOHEHTH, (QUITpUpaHe HA
u3bpaHyu napaMeTpu Ha TpadUK U T.H.). 3a Jia [PeoJoJeeM TOBA OlDaHUYeHNe, Ipejjiarame
MOJI€JI, IIPU KOWTO IIPOU3BOJIEH HADOP OT eJIeMEHTH MOKe Ja Oble CJelleH, U3IM0A3BailKu MUK-
POCBHLPBUC apXUTEKTYPU. 3a IeJITa € HeOOXOAUMO Ja Ce OIpeIe/d IPOOHA CTOMHOCT 3a Ipar u
BJIMSIHMETO Ha IPyOOCTTa Ha M3BaJKaTa BbpPXY KAauecTBOTO Ha 3aCHYaHe Ha AHOMAJIMHA. 38 Ba-
JIMJIMPAHETO Ha MPeJJIOXKEeHUs MOX0JL ca usnosssanu 6asure ganaun ST4000DMO00 (nospena
B nucka) and CICIDS2017 (araka 3a OTKa3 Ha yCJIyra) U ca H3CJIeABaii e(eKTUTe 0T Orpa-
HUYaBaHETO Ha Oposi IapaMeTpU U YecTOTaTa Ha CHEMaHe Ha JaHHU BbpPXY YCIEBAEMOCTTa 34
3acHvIaHe Ha aHOMAJINU cpel n3bpamnn, Kiacuiecku ML anropurmu. B qonbanenne e npeacra-
BEH U IIPUMEP 38 MUKPOCHPBUC apXUTEKTYPa 38 3aCHYEHa Ha aHOMAJIUU BbPXY MPEXKOB Bb3€J

Ha Tpyba Mpexa.

. S. Harizanov, 1. Lirkov, S. Margenov. Rational Approximations in Robust Preconditioning
of Multiphysics Problems. Mathematics 10(5), 780. MDPI, 2022.  IF: 2.258 (Q1, WoS)
ISSN: 2227-7390 https://dx.doi.org/10.3390/math10050780

Abstract

Multiphysics or multiscale problems naturally involve coupling at interfaces which are man-
ifolds of lower dimensions. The block-diagonal preconditioning of the related saddle-point
systems is among the most efficient approaches for numerically solving large-scale problems
in this class. At the operator level, the interface blocks of the preconditioners are fractional
Laplacians. At the discrete level, we propose to replace the inverse of the fractional Laplacian
with its best uniform rational approximation (BURA). The goal of the paper is to develop
a unified framework for analysis of the new class of preconditioned iterative methods. As a
final result, we prove that the proposed preconditioners have optimal computational complex-

ity O(N), where N is the number of unknowns (degrees of freedom) of the coupled discrete
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problem. The main theoretical contribution is the condition number estimates of the BURA-
based preconditioners. It is important to note that the obtained estimates are completely
analogous for both positive and negative fractional powers. At the end, the analysis of the
behavior of the relative condition numbers is aimed at characterizing the practical require-
ments for minimal BURA orders for the considered Darcy-Stokes and 3D-1D examples of

coupled problems.

AbcTpakT

[Ipu permapanero Ha MyJaTH(MU3NIHA WX MHOTOHUBOBHU 33Ja49d € HEOOXOIMMO 1, Ce OCUTYpPH
CBIVIACYBAHOCT 110 IpanuiiaTa (nHTepdeiica) Mexk 1y obaacTuTe, KOsATO € ajaredpuaHO MHOT006-
pasue oT Io-HucKa pasMmepHocT. Cpes Hali-epeKTUBHUTE ITOAXOIM 38 PEllaBaHeTo Ha 0COOEHO
roJIEMHU 3aJa9d OT TO3U KJIAC € M3IM0JI3BAHeTO Ha OJIOYHO-IMArOHAJHO ITPeodyC/IaBsiHe 38 Cb-
OTBETHUTE CHCTEeMH JIupepeHuaJHI yYpaBHEHUsI CbhC CeJjIoBa Toduka. Ha omeparopHO HHUBO,
ONTUMAJIHUTE IpeolycioBuTe M 3a uHTepdelicuuTe 0JI0KOBe ca ApobHu omeparopu Ha Jlar-
Jac. B Tazu crarus npeiaraMe Ipu perraBaHeTo Ha TaK'bB TUII 38189 CJIE TUCKPETH3AINS,
obparHus apoben oneparop Ha Jlamiac ma ce 3amenu ¢ Herosuss BURA anaJsor. ['taBnara e
e pa3paboTKaTa Ha yHH(MUIHPaHa TEOPETUYHa OCHOBA 3a aHAJM3 Ha IPEII0XKEHUsT KJIac OT
UTEepaTUBHU METOJIU ¢ peobyciiaBsite. B pe3yiirar, oKa3BamMe, de pasriek aHuTe mpeodyCcIo-
BUTEJIN [IPUTEXKABAT ONTUMATHA u3ducanTeata ciaokuaocr O(N), kbaero N e 6post Ha Hens-
BecTHUTE (CTereHnTe Ha CBOOO/IA) 3a CBbp3aHaTa JUCKpeTHA 3a/1a4a. OCHOBHUST TeOpeTuveH
IPUHOC € u3BeleHaTa oblla OLEHKa 3a YHUCI0TO Ha mpeobyciosenoct Ha BURA-6asupanure
npeobycoBuTen. BaykKHO e ja 0TOeIeXKUM, € OIEHKHUTE Ca HAIILJIHO AHAJOTHMYHU IPU I10-
JIOXKUTEJIHA ¥ OTPHUIATE]Ha CTOHHOCT Ha apobHara cremen! CbIno Taka, W3CJIEIBAHETO Ha
MOBEJIEHUETO Ha OTHOCUTEHUTE UUC/Ia Ha OOYCJIOBEHOCT € BaykKHa JacT IMPHU OMpPeIesISTHETO Ha
MUHUMAJIHATa, CTOWHOCT Ha cremeHTa Ha BURA, HeoOxommMa B MPAKTUKATA 38 PEIIaBAHETO

Ha KOHKDETHH CBbp3anu 3amaan oT Tul Japcu - Croyke mau 3D-1D.

S. Harizanov, S. Margenov. Numerical Solution of Spectral Space-Fractional Diffusion Problems:
Recent Advances and Challenges Beyond the Scalar Elliptic Case. In 13th International
Hybrid Conference “Application of Mathematics in Technical and Natural Sciences”, AMiTaNS’21,
ATP Conference Proceedings 2522 (accepted, 8 pages). SJR: 0.177

Abstract

Let us consider the equation A%u = f, 0 < a < 1, where A is a symmetric positive definite
operator corresponding to a second order elliptic boundary value problem in a bounded
domain Q € RY, d € {1,2,3}. We assume that the non-local fractional diffusion operator A is
defined though the spectral decomposition of 4. The current advances in numerical methods

for such spectral spatial-fractional diffusion problems have been analyzed in Harizanov et al.
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15.

(Fract. Calc. & Appl. Anal. 23:1605-1646, 2020). The presented results are in the spirit of
BURA methods. This class of methods is based on the best uniform rational approximation of
a scalar function in the interval [0, 1] (see Harizanov et al. (J. of Comput. Phys. 408:109285,
2020) and the references therein). The focus of our study is on some challenges beyond the

scalar elliptic case.

AGcTpakr

Ha pasrinename ypasuenuero A%u = f, 0 < a < 1, kpuero A e cuMeTpudeH, MOJI0KUTEIHO
OIIpeJIeJIeH OIepPaTop, ChOTBETCTBAIN Ha I'DAHMYHA EJIUITUIHA 33Ja49a OT BTOPU PEJ BbPXY
orpanmdena obmact ) € RY, d € {1,2,3}. Heka Hesokanus ApobHO-11udy3UOHEH OIIepaTop
A% e neduHUpPAH MOCPEICTBOM CIEKTPAIHOTO pasjarane Ha A. TekyIoTro ¢bCTOSHIE HA TEO-
PETUYHUS U TPAKTUIECKN HAIIPEIbK TP PEIIABAHETO HA TAK'BB TUII 33/1a91 € 0DEKT Ha aHAJIA3
B Harizanov et al. (Fract. Calc. & Appl. Anal. 23:1605-1646, 2020). IIpencraBerure B HACTO-
dAIaTa craTusl pesyararu ca B ayxa Ha BURA meromure. Tosm Kiac or MeToau € M3rpajieH
BbPXY €JIeMEHTHUTE Ha Hail-7100p0 paBHOMEPHO MPUOJIMKEHIE 38 CIeINaIHO n30paHa CKaaapHa
dbyukuus B unrepsada [0, 1] (ux Harizanov et al. (J. of Comput. Phys. 408:109285, 2020) u
qureparypara tam). PoKychT Ha M3CJIe[BAHETO HU € BbPXY HSKOH [PEJIN3BUKATEICTBA OTBb/

CKaJlapHaTa €JIMIITUIHa [IOCTaHOBKA.

N. Popivanov, S. Margenov, I. Ugrinova, S. Harizanov, T. Hristov. Parameters Identification
and Forecasting of COVID-19 Transmission Dynamics in Bulgaria with Mass Vaccination
Strategy. In 47th International Conference on Applications of Mathematics in Engineering
and Economics, AMEE 2021, AIP Conference Proceedings (accepted, 16 pages). SJR: 0.177

Abstract

In this paper we introduce a time-dependent SEIR-based model with vaccination. In the
suggested model the host population is divided into seven compartments: susceptible, ex-
posed, infectious, recovered, deceased, vaccinated susceptible individuals and individuals with
vaccination-acquired immunity. The dynamics of the infection in these groups is modeled by
a Cauchy problem for a system of nonlinear ordinary differential equations. Besides the clas-
sical SEIR model parameters (infection rate, incubation rate, recovery rate), the new model
involves mortality rate and some additional vaccination parameters such as vaccination rate,
vaccines effectiveness and takes into account the time taken for antibodies to develop. Using
Bulgarian COVID-19 data we solve the so-called “inverse problem” and find the unknown pa-
rameters as a function of time. Then based on these results we solve numerically the Cauchy
problem in the model and make computer simulation of the COVID-19 dynamics in Bul-
garia. This allows us to calculate the number of people with vaccination-acquired immunity
in Bulgaria. The proposed model and method for parameters identification can be applied to

COVID-19 data in every single country of the world.
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AbcTpakT

B Tasu crarusi pasriexgame 3aBucerr or Bpemero Mojes or tun SEIR 3a guHamukara Ha
pasnpocrpanenne Ha COVID-19 npu oryerena BakcuHalusi. B mpejyioxkenusi Mojiesl BCeKn
NHAUBUJ OT TapreTupaHaTa IIOITyJIalligd Ce€ HaMHpPa B €/JHa OT ceJeMTe I'DYIIN: YyA3BHUM; KOH-
TaKTeH; 3apa3eH; 03PAaBsi/I; TOYNHAJ; BAKCUHAPAH, HO C U3TEK'bJI CPOK Ha 3aIllATa; U C IIPHU-
n00uT BakcuHAIMOHEeH mMmyHHUTeT. Jlunamuiiara Ha pas3npocTpaHeHne Ha 00OJIeCTTa € MOoJie-
JIMpaHa MOCPeJACTBOM 3amada Ha Komm 3a cucrema HeJTMHEHHN OOMKHOBEHU IM(DEPEHIINATHA
ypasuenust. Ocsen kiacuaeckure 3a SEIR-mozennre mapamerpu (cKopoct Ha 3apa3siBaHe, MH-
KyOAIMOHEH MePUOJ, BpEMe 3a Bb3CTAHOBSBAHE), HAIIUAT MOJEJ ChIbPKA U JIOMbJIHUTETHA
napaMerpu, KaTo PbCT HA CMBbPTHOCT, CKOPOCT Ha BAKCHHAIWS U €(PUKACHOCT HA BAKCUHATA,
KaKTO U OTYNTA BPEMEBHUs IIPO30PEIl, HEOOXOMMM Ha OPraHU3Ma, 33 M3rpazk/aHe Ha aHTUTEA.
Ha 6a3za opunnannnre COVID-19 nanm 3a Bbiarapusi, Hue pemasame Taka HapedeHaTa “06-
paTHa 3a/1a4a’ 3a Ja OIPE/IeIMM CTORHOCTATE Ha TE€3U IMapaMeTpHu KaTo (OyHKIINA HA BPEMETO.
Cren ToBa, Ha Da3a MOJIyUE€HUTE PE3YJITATH, YAC/IEHO pPelllaBaMe IIpaBaTa MOJIEHA 3a/1a9a Ha
Komnm n mpoBezktaMe KOMITIOTbPHI CUMYJIAITNA 32 IIPEIBIKIAHe HA JTUHAMUKATA Ha PA3IPOC-
TpaHeHHe Ha NaHjeMusiTa B Bbiarapus 3a Kparbk nepuog (10 2 ceamunn). To3u moaxom Hu
[TO3BOJISIBA, JIa CJIEIUM YHC/IEHOCTTA Ha I'PyHaTa OT ObJTapH ¢ MPUAOOUT BAKCUHAIMOHEH UMY-
HUTET KbM JajeH MoMeHT. [IpeajoxkeHnTe MoIe/r 1 METOMOJIOIUsI 38 OLIEHKA Ha, IapaMeTPUTe

ca npwioxkumu KbM COVID-19 pannure Ha BCsKa eHa Jbp:KaBa B CBETa.

. S. Margenov, T. Rauber, E. Atanassov, F. Almeida, V. Balanco, R. Ciegis, A. Cabrera,
N. Frasheri, S. Harizanov, R. Kriauzien, G. Riidiger, P. San Segundo, A. Starikovicius,
S. Szabo, B. Zavalnij. Chapter 6. Applications for ultrascale systems. In Ultrascale Computing

Systems, pp 189-244. Institution of Engineering and Technology, 2019. (SCOPUS)
ISBN: 978-178561833-8 http://dx.doi.org/10.1049/PBPC0O24E_ch6
Abstract

Many large-scale scientific applications have a need for ultrascale computing due to scientific
goals to simulate larger problems within a reasonable time period. However, it is gener-
ally agreed that applications have to be rewritten substantially in order to reach ultrascale
computing dimensions.

The needed reformulation of algorithms and applications from different areas of research
towards their usage for ultrascale systems and platforms has to address different challenges
that arise from the different application areas, algorithms and programs. The challenges
include scalability of the applications using a large number of system resources efficiently, the
usage of resilience methods to include mechanisms to enable application programs to react
to system failures, as well as the inclusion of energy-awareness features into the application

programs to be able to obtain an energy-efficient execution. The programming models should
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enable to concentrate on the algorithmic aspects and problem-specific issues of the specific
application area such that program development is supported as far as possible.

Some of these topics are addressed in the previous chapters, while this chapter is con-
cerned with the usage of corresponding results in the context of large-scale applications. An
important issue is the integration of the techniques developed to address the different aspects
into the application programs. This chapter shows several aspects to adapt the former solu-
tions to ultrascale applications, exploring algorithms, applications, and the impact of their

translation into ultrascale systems.

AbcTpakT

[Topaau KeJaHMETO U MpaKTHIECKATa HYKIa KOMIIIOTHPHO Ja Ce CUMYJIUPAT BCE HO-TOJEMU
U TO-TOJIEMHU 3aJ[a9d 3a BCE IMMO-MAJIKO BpEMe, MHOIO OT HAyJYHUTE MPUIOXKEHUsS C TOJisiMa
pasmeproct (large-scale) usucksar nopu ome no-mamabuu (cBpbxmamabuu, ultrascale) us-
YUCJUTEHA pecypcu. Bece mak mma e oOIIONpHeTo B HaydHaTa ODIIHOCT, e codTyebpa Ha
Te3W NMPUJIOXKEHUs TPpsiOBa ja ObJe ChINECTBEHO MPEHAINCAH 3a Jla Ce JOCTUTHE N3MEPEHUETO
Ha CBPbLXMAIIAOHATE IPECMATAHMSL.

HeobxoanmoTo npedopmyinpane Ha aJrOPUTMHA U MPUIOYKEHNUsT OT PA3JTHIHN ODJIACTH HA
n3cjeBaHe KbM TSIXHOTO M3IIOJ3BaHE 38 CBPbXMAIIabHM CHCTEMHU M ILIaT(OPMHU TPsIOBa JIa
OTTrOBOPU Ha PA3JIMYHHN IIPEIU3BHUKATEJICTBa, KOUTO BBH3HHUKBAT OT PaA3JIMIHHUTE O6JIa.CTI/I Ha
IPUJIOYKEHUE, aJITOPUTMU U IporpaMu. JacT oT Ipeau3BUKATEICTBATa BKIIOYBAT ITOCTUTAHE-
TO Ha J00pa MapaJiejlHa CKAJIUPYeMOCT Ha MPUJIOXKEHUsITa 3a e(EeKTUBHOTO HM3ITOJI3BAHE Ha
HaJUYHATE PECYPCH, BHEIAPABAHETO Ha YCTONYMBU METOIMU, BKJIIOUBAIIN MEXaHU3MU 33 Peak-
4 Ha allJIMKaludgTa B yC.HOBI/Ie Ha IIOBpeJa B cuCTeMaTa, KaKTO U U3II0JI3BaHEeTO Ha eHepI‘Hﬁ—
HO IIAJISINU IIPOrPAMHEI MOJIYJIM 38 OCUI'YPSABAHETO HA €HEePIUilHO e(PeKTUBHO M3II'b/IHEHUE Ha
nporpamata. [IporpamuunTe Momen TpsabBa fga gaBaT cBobogaTa 3a (poKycupaHne BbpPXY ajro-
PUTMUAYHATE W IPOOJIEMHO-CIIENN(PUIHITE acleKTH Ha KOHKpeTHaTa cdepa Ha MPUI0KEHUE,
KaTo 3a IeJITa Das3oBaTa MOApbhKKa Ha IporpaMHaTa miardopmMa TpsaoBa 1a 6bae MaKCHIMAaJIHO
OCHUT'ypEHa.

qaCT OT Te3W TeMM BeUe Ca pa3uCKBaHU B IIPEJUIITHUTE IJIaBU Ha KHUTaTa, JOKaTO B Ta3U
IJIaBa Ie Ce KOHIEHTPUpaMe BbpXY M3IOJA3BAHETO Ha ChOTBETHUTE PE3YATATH 3a HYXKJUTE
Ha BI/ICOKOIVIaH_La6HI/ITe IIPUJIOZKEHU . MHOI‘O BaKHa 3a/la4da € e(beKTI/IBHOTO CbBMECTHO UHTEI-
pupaHe B IIporpaMaTa Ha pasHOOOPA3HU TEXHOJIOIHH, PAa3pabOTeHN 38 Pa3/IMYHU HEHHU KOM-
IIOHEHTH. Hle IIOKazKeM pPa3J/JIMYHHU BBb3MOXKHOCTU 3a a/lallTUPpaHETO Ha HIPpEJUITHU PEHICHUAd
K'bM CBPbXMAILIAOHU [IPUJIOXKEHHUs, IIOCPEICTBOM H3CJIeIBaHe Ha aJllOPUTMUTE, U3CIeIBaHe Ha
CaMUTe IIPUJIO?KEHN A, KaKTO U U3CJIeIBaHe Ha B’bB,ZLefICTBHeTO B'pry TAX Ha IIPpeHallnCBaHETO

UM 3a HYXKIUTE Ha CBp’bXMaHla6HI/ITe CHUCTEMMU.
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17. S. Harizanov, R. Lazarov, S. Margenov, P. Marinov. The Best Uniform Rational Approximation:
Applications to Solving Equations Involving Fractional powers of Elliptic Operators. Practical
guide.. 9, IICT-BAS: Lecture Notes in Computer Science and Technologies, 2019, 85 pages.
ISBN:978-619-7320-08-4 https://pa.iict.bas.bg/lcst/2019/09-2019-HLMM. pdf

Abstract

The handbook is intended to be used as a complementary part of the courses on “Numerical
Methods for Sparse Linear Systems” and “Convex Analysis and its Applications to Image
Processing” that are currently taught within the Master’s program “Computational Math-
ematics and Mathematical Modelling” in Sofia University “St. Kliment Ohridski”. The
presented material can also serve as a short course on numerical methods for solving frac-
tional diffusion problems and as an extension of existing master or PhD programs in the field
of advanced scientific computations. The handbook considers the mathematical problem of
solving systems equations involving fractional powers of self-adjoint elliptic operators. Due
to the mathematical modelling of various nonlocal phenomena using such operators, a num-
ber of numerical solution methods have been introduced, studied, and tested in the last two
decades. The handbook deals with the discrete counterpart of such problems obtained from
finite difference or finite element approximations of the corresponding elliptic problems. All
necessary information regarding the recently introduced by the authors’ method based on
best uniform rational approximation (BURA) of a proper scalar function in the unit inter-
val is provided. A substantial part of the handbook is the presented 160 tables containing
the related coefficients, zeros, poles, extreme points of the error function, the terms of the
BURA partial fraction decomposition, etc. Links to website where one can download the files
with the data characterizing the particular rational approximations, which are available with
enough significant digits, are also provided so one can use them in his/her own computations.
The examples are presented in a form ready for computer exercises.

AbcTpakT

Hacrosimmoro y4ebHO moMaraJio e npeaHasHadeHo ga O0'be N3M0JI3BaHO KATO JOIMbIHUTEHA, JIH-
TepaTypa 10 KypcoBere: ,, JUC/IeH! MEeTOIM 3a CUCTEMH C Pas3peleHu MaTpumu’ u ,3mbKHAI
aHaJIN3 U TIPUIOKEHNSATa My B 00paboTKa Ha M300parkKeHus ', KOUTO B MOMEHTA CE IPENoa-
BaT B paMKHTE€ Ha MarvucTbpcKaTa Iporpama ,V3ducanresHa MaTeMaTUKa U MaTeMaTHIeCKO
monesnpane’ B Coduitickust yausepcurer ,CB. Kiaument Oxpuacku®. IlpeacraBeHusT mare-
prajl MOXKe Jia IOC/IY2KH U KaTo KPpaTbK KypC II0 YHUCJIEHH METOMM 3a pellaBaHe Ha 3aJa49n C
pobHa nudy3us 1 KaTo paslliipeHre Ha CbIIECTBYBAIIUTE MAIMCTbPCKUA U JOKTOPAHTCKHI
[porpamMu B 00J1aCTTa Ha CbBPEMEHHUTE HAy4YHU IPEeCMATAHKSA. B ImoMarajoro ce pasriexkia

€IHa KOHKPETHA MaTeMaTUIEeCKa 3a/avda 3a pelllaBaHe CUCTEMU ypaBHEHHA OT r)11:)06Ha CTeIIeH
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Ha, CAMOCIIPETHATH eJIUNTHYIHU omeparopu. lIpe3 mocieannte aBajsieceT roauHu Osxa Mpei-
JIO2KEHU, M3CJIEJIBAHU U TECTBAHU PEJINIA UUCIEHU METOJU 3a pelllaBaHe HAa TAKWBa 3a/a4l,
KOETO C€ JbJKU Ha TIXHOTO NPUIOKEHHE B PA3HOOOPA3HU MaTEMATHIECKU MOJECIU Ha He-
JIOKQJTHU sBJeHUs. TyK ce pasriexkaaT JUCKPEeTHU aHAJIO3UM Ha TAaKWBa 3aJIa9HU, MOJIYUeHU
CJIe]T TUCKPETU3aINs HA CHOTBETHUTE eJIUNTHIHN 33/Ia9H 110 METOIUTE Ha KpailHuTe pas3Iuku
win Kpaitaute esieMentu. [Ipegocrasena e msiara neobxoiuma nHMOpPMAIUs OTHOCHO HACKOPO
[IPEJIJIOYKEHUs OT aBTOPUTE METOJ Ha Oa3aTa Ha Ha-100pO PABHOMEPHO PAITMOHAJIHO TPUO,/IT-
xkenne (BURA) na noaxosnum ckajgapuu GyHKIMN B eIuHUIHAs nHTepBasl. CbIlllecTBeHA 9acT
OT PBKOBOJICTBOTO ca mpeacTtapeHnTe 160 Tabguiim, chbIbpKaIy ChOTBETHATE KOeMDUITNEHTH,
HYJTH, TIOJTIOCH, eKCTPEMAJTHI TOYKHU Ha TPeIKaTa, pa3jiarane B eeMentapuu apoou va BURA-
ejleMeHTuTe U T.H. B onrbiHeHue ca mpeiocTaBeHn JIMHKOBE KbM yebcaiiT ¢ daiiiose ¢ JaHHU,
XapaKTEePU3UPAIIN KOHKPETHUTE PAIMOHAJHU IIPUOJINKEHIS, KOUTO C& HAJMIHH C JIOCTATHIHO
3Hadery nudpu, Taka 9e TUTATEIAT J1a MOXKE 1 T U3I0/13Ba B COOCTBEHUTE CU U3UNUC/ICHU.

PaSFJIG,ILa,HI/ITe IIpuUMEPHU Ca B IIOAXOJAIN BUJ 3a IIPpUJjIarane B KOMIIIOTbPDHU YIIDaKHEHUA.
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