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3 Vasil Kolev
PREFACE

Problem statement

In recent decades, scalar wavelets have established themselves as an indispensable tool in signal
processing, in applications such as numerical analysis, operator theory, denoising and compression of
N-D signals, object extraction from astronomical images, machine learning, data sorting, database
searching, time series analysis, computational medicine, and others. They have been around since the
late 1980s. There are different types of them: wavelet packets, ridgelets, curvelets, slantlets, frames and
other constructions. Since the early 1990’s, one known generalization of scalar wavelets have been
multiwavelets. The great interest in them is caused by the fact that they contain more than one function
while possessing at the same time the most important characteristics from the theory of filter banks -
short support, symmetry, and vanishing moments of high degree.

An important subfield is orthogonal multiwavelet filters, the construction of which requires
satisfying a number of restrictive conditions. They have advantageous properties, but are very difficult

to design. Generally, new design methods and algorithms are necessary.

Motivation

There is a significant difficulty and a major challenge in finding orthogonal multiscaling
functions by spectral decomposition of a singular matrix filter product. Moreover, due to the presence of
single or multiple zeros in the determinant of the product filter, the spectral decomposition may be
highly erroneous or even impossible.

The main research question is the extension of wavelet and multiwavelet theory. This research
contributes four methods for constructing scalar or vector scaling functions from different polynomials
and splines:

% Basis change method ;
% Brute force method;
% Inner product method;
% Bauer’s method for spectral factorization.

The first three methods are based on polynomial basis functions or different splines. These can be
exponential functions, Legendre polynomials in [-1,1] or [0,1], cubic or quintic Hermitian polynomials
in [0,1] and [0,2], Chebyshev polynomials of the first and second kind, Haar and Walsh functions,
etc.

The fourth proposed method constructs scaling and multiscaling functions satisfying desired
properties - orthogonality, vanishing moment, compact support, and smoothness. Two numerical
algoritms for the Bauer’s method for spectral factorization of scalar and matrix product filters are

construted.
Main tasks of the scientific research:

1. To conduct a study, overview and critical analysis of existing methods for constructing scaling

and multiscaling functions;
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METHODS FOR DESIGN OF WAVELET AND MULTIWAVELET FILTER BANKS 4
2. To outline research opportunities in constructing new methods of implementing filter banks;
3. To propose new methods for constructing scaling and multiscaling functions from
polynomials and splines;
4. To define and construct spectral factorization methods;
5. To elaborate on the algorithms for a fast and accurate Bauer’s method;
6. To implement an Alpert multiwavelet filter bank based on the lifting scheme and perform

experimental studies of the methods for constructing wavelet and multiwavelet filter banks.

Content structure

The dissertation consists of 5 chapters, preface, conclusion, and references.

The Preface outlines the topic, object and subject of the dissertation work, as well as the leading
hypotheses. The problem statement and the motivation for conducting the dissertation research are
briefly described. The purpose and methodology of the research work, as well as the methods according
to which it is to be achieved, are given.

Chapter 1 is devoted to existing methods for constructing wavelet and multiwavelet filter banks.
It includes the theory of basis functions from polynomials and splines, spectral decomposition, and
construction of scalar and vector filter banks.

Chapter 2 presents three construction methods for scaling and multiscaling functions from
polynomials and splines.

Chapter 3 is devoted to existing methods for spectral factorization. The necessary condition for
smoothness of the matrix product filter is described. The Daubechies 4 scaling function is designed
according to the root method for spectral factorization. Bauer’s theoretical method for spectral
factorization is also described and an Alpert product filter is obtained.

Chapter 4 is devoted to the development of fast algorithms implementing Bauer’s method and
their numerical solution using three numerical methods. Algorithms 1 and 2 for a fast and accurate
Bauer method for scalar and vector spectral decomposition are developed and Alpert orthogonal
multifilter banks are constructed.

Chapter 5 is devoted to the following novel aspects:

1) Comparative analysis of the four methods for constructing scaling and multiscaling
functions, Bauer methods for spectral decomposition for Haar and Daubechies scaling
functions, as well as Alpert multiscaling function;

2) Empirical research on the fast and exact Bauer’s method for scalar and matrix spectral
factorization — Haar and Daubechies 4 scaling functions;

3) Seven examples of Algorithm 1, 2 implemeting the exact Bauer’s method;

4) Built—in functions for the seven examples of Algorithm 1, 2;

5) The lifting scheme for the Alpert multiwavelet filter bank is implemented. It is applied with
different quantizations: V3 for 256 x256 and 512 x512 image denoising with gray levels and
AWGN with (o = 10, 20);

6) Image compression of astronomy images from scanned photograph plates are compared.
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5 Vasil Kolev

CHAPTER 1
REVIEW OF CONSTRUCTION METHODS OF WAVELET AND MULTIWAVELET
FILTER BANSKS

1.1 Introduction

Wavelets are, essesntially, short or fast-decaying waves where by translation and dilation one
can obtain a set of functions possessing the important properties of orthogonality, zero moments,
compact support, and smoothness. They are particularly useful in the analysis of non-stationary signals,
which requires that the frequency characteristics of a given filter depend on time. They are obtained
with the construction of filter banks where spatial and frequency features are simultaneously
determined for a given signal, which is impossible with Fourier transformation.

In wavelet theory, there are spline wavelets obtained from different spline functions. They are a
linear combination of B-splines inheriting their basis functions and a compact support but the resulting
functions are non-orthogonal. Because of their simple structure, they are one of the most important and
interesting wavelet family. They are used in the construction of wavelet finite elements that satisfy the
condition of continuity of a shape function. In this way, multi-level (multi-scale) representation is
achieved in many engineering problems. This achieves the desired accuracy and provides adaptive
hierarchical solutions.

An important drawback of wavelets is the impossibility of simultaneously possessing all
important properties - orthogonality, zero moments, compact support, and smoothness [131], [132]. To
overcome this drawback, the multiscaling and multiwavelet functions have been used. This changes the
structure of a filter bank where instead of one scaling and wavelet function, two or more functions called
multiscaling and multiwavelet functions are used simultaneously.

The advantage of the multifilter theory is the possession of the above properties, which ensures
fast signal recovery (at the expense of orthogonality), good efficiency (at the expense of smoothness),
and a high degree of approximation (at the expense of a large number of zero moments). The symmetry
of the function allows a symmetrical extension of the boundaries of signals. Orthogonality results in
independent subimages. The higher degree of vanishing moments leads to the ability to represent
polynomials of a higher degree with a smaller number of coefficients.

1.2. Brief theory of spline and Legendre polynomials
1.2.1 Spline functions

From a mathematical point of view, a 'spline' is a partially linear function built from polynomial
functions whose smoothness depends its derivatives. More generally, a spline is the set of all functions
that are parts of a polynomial necessary to construct a function in the interval [a, b] with certain
smoothness conditions. Splines whose polynomials are of low degree are called piecewise linear and are
used as interpolating functions.
1.2.1.1 Linear B — spline (“Hat” function)

The ‘Hat” function is piecewise linear function, known as linera B — spline:

L(t)=at+D. (1.1)
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METHODS FOR DESIGN OF WAVELET AND MULTIWAVELET FILTER BANKS 6

where a u b are coeffiecients. It can be used as a linear interpolant and/or finite element. Its

multiscaling fucntion consists from three coefficients hy, h, h,:

o(t) =hyp(2t) + (2t 1) + h,p(2t -2) . (1.2)
1.2.1.2 Cubic Hermitain spline
Hermitian spline functions belong to a class of splines that are defective(®), i.e. piecewise
polynomial function with constant defect on the knots. The most commonly used is the cubic spline
consisting of a polynomial of degree < 3 with two continuous derivatives for each subinterval. Cubic
Hermitan spline is use for interpolation of data with continuous first and (possibly discontinuous)
second derivatives of the nodes. Cubic Hermitan spline are constructed for two endpoints of a
polynomial of the third degree H(t) =at® +bt* +ct+d and its the derivatives (or tangents) at these
points.

1.2.2 Legendre polynomials

Legendre polynomials are t-order polynomials, i.e. 1,t,---,t' and in [-1,1] forms nonorthogonal baisis:

4.0 = r+2P.0). (13)
where:
Po (t) = 1,
Pl(t) =t,

,for m=123,--- (1.4)
P, = (3 -) 4

(m +1) I:Jerl (t) = (Zm +1)th (t) - um—l (t)
In the multiwavelet theory Legendre polynomials are in a interval [0,1]. The first multiscaling function

is of Alpert [6] which is construted from the two functions Py (t) u P,(t):

P | a7 Po(t) _ 1
CD(t)—ij—[CﬁClZ _{Pl(t)}_li\/g(Zt—l)}’ o)

where C, and C, are matrix coefficients.

1.3. General theory of filter banks
1.3.1 Scalar filter banks
1.3.1.1 General theory

Wavelet theory is based on a domain of basis functions interconnected by scaling and
translation. At the heart of this domain is a wavelet basis function used to generate all other basis
functions. It has certain characteristics in the L2 space and is called the mother wavelet, wavelet
function, or just wavelet, and is denoted by y(t). There is a second function in the basis, allowing it to be
built from a finite number of functions. This function is the parent wavelet, a scaling function, and is

denoted by 4(t). The integer translations of the two functions form a Riez basis.

(A) The difference between the degree of a spline and its smoothness is called the spline defect.
For example, a piecewise linear continuous function (its graph is a polygonal line) is a spline of degree
one of defect 1.
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7 Vasil Kolev

The two functions are obtained using a filter bank, which usually has a tree-like hierarchy of two
different types - for analysis and recovery (synthesis) of functions. The filter bank is a combination of
shift-dependent filters with coefficient M — downsampling, denoted with (M), and decimation
(upsampling), denoted with (1M). The structure of an r-channel filter bank is shown in fig. 1.4. This way
of analyzing a function (signal) is called multi-resolution analysis (MRA). If the analysis and recovery
regions consist of the same scaling and wavelet functions, the filterbank is called orthogonal, and when

they consist of different functions, the filter bank is called biorthogonal.

o Lel1e2] 2 R = E ----- NERY o] Fiz
5
x(ﬁ) i [eS1E] e R % o A1 o Fiz
I EF1E] S R e E o 411 o Rz
- : E -
. . ¥ .
2
N IR e R 25N e P DYl e [DYRTES
- —»
AHaNH3Hparma Bb3CTaHOBARAILA
pHTTEpHA OaHKa (pHITEPHA OaHKa

®dwur.1.4. M-channels scalar filter bank

The two — channels filter bank with input signal x(n) is described by the equation:

X@)=5[H,@F@+ H,@F@) X+ 5 [HDR@+H,DR@] XD |

=T(2)X(2)+S(z2)X(-2)

which is equivalent of the matrix product:

Ho(2) Ho(=2)| X(2)
H,(2) Hl(—Z)}[X(—Z)}‘

The matrix product H,(2) F,(2) is called a product filter. It is the foundation for finding of scaling and

X (2)=[F,(2) Fl(z)]ﬂ

multiscaling functions by spectral factorization.
1.3.1.2 Scaling and wavelet functions by a parameter
The construction of orthogonal scaling and wavelet functions can be done by the poyphase

matrix with a parameter [86],[129],[139 ] which is called a lattice structure:

|5 cosg sing 1 0 cosg,  sing
H,(2)= {g(—sin ¢ cosﬁj(o z‘lﬂ(— sing, cos¢Lj .7
where ¢ €[0,27] and ¢ [0, 7].

In other research [86] a parameter structure is used:
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METHODS FOR DESIGN OF WAVELET AND MULTIWAVELET FILTER BANKS 8

K K ] B 7
c, d COS ¢,
¢ df cos _
ol ¢K cosg, —sing
c, d; |= I ®R(¢) I zaK>2 (1.8)
sing, COS¢,
COS@y
Lo dua] L COS ¢y |

where | is an identity matrix. In this way filter banks can be implemented directly.

Additionally, a universal parameterization is given [87]:

cosa Sina
R(¢) = { } =J()I(B), (1.9)

—sina cosa

cosa sina | . . o . .
where J(a) = { } is a Jacobi matrix with f — a = ¢ mod 2z . Then Jacobi matrix has three

sinaa —coSa

R(g) = | - A(%]B(%]A (g] _

diagonal matrices:

P (1.10)
N5 0 smE 1 2cos£ 0 1
=1-+2 ¢ sing —cosg
1 —cosE 0 1 2 2

1.3.1.3 Properties of scaling and wavelet functions
The subchapter describes more important properties of scaling and wavelet functions -
Heisenberg's uncertainty principle, symmetry, flatness, and vanishing moments.
1.3.1.4 Multiresolution Analysis (MRA) [139]
A key concept in wavelet theory is the nested structure called multiresolution analysis (MRA) or
multiscale approximation ( MSA), consisting of successively coarser or finer spaces Vi:
L..CV,CV,CV,C..., € L2R) (Lebesgue space)
«— rougher space finer space —
MRA possesses following properties:
1. Scaling — For each j,
afunction f(t)eV, iff f(2)eV,,;
2. Inclusion - For each j

ViV

3. Completeness - The union of all subspaces V,’s in subspace L* is dense:

closure{U \Y } =I*(R);

jeZ
4. Uniqueness — The subspaces V, have no intersection:
{ﬂ Vl} ={0}. #

jeZ

Abstracts of Dissertations 2024(5) 3-39



9 Vasil Kolev
Consequently, the j-level MRA applied on a function f(t) is obtaned using scaling and wavelet

coefficients according to:

N-1

f(t) :Nzlh(n)¢(t—n)+iz 9, (My(2't—n). (1.11)

j=1 n=0

>

1.3.2 Vector filter banks (Multifilters)
1.3.2.1 General theory

The vector filter banks (or multifilter) are a generalization of scalar wavelet filter bank theory.
Essentially, they are MIMO systems consisting of r —scaling functions ® = [¢o, ¢i, ... , ¢-]T and r —
wavelet functions ¥ = [wo, @ 4, ... , P »]T. This means that multiwavelet filter bank is consists of four
analysis and synthesis multifilters which possess simultaneously the properties of orthogonality,
symmetry, compact support, and vanishing moments.

A important difference between the scalar and vector filter banks is the number of subbands
obtained in the decomposition. For example, an image decomposed at one level by a two-channel scalar
filter bank forms four subbands (subimages) shown in fig. 1.11(a), while a two-channel vector filter bank

forms sixteen subbands (subimages) shown in fig. 1.11(b).

HoHy | HoH; | HoGo | HoGs
HH HG
H.H, | H:H, | HiGo | HiG:
GQ.HO GOH1 GOGO GOGI
GH G
GJ,HO GLH.‘.‘. GJ.GO GJ.GJ.
(a) (b)

®ur. 1.11 A one level decomposition of a image; (a) scalar two channel filter bank

(4 subbands); (b) two channel multifilter bank (16 subbands)

The input — output equation of the two channel vector filter bank is:

1

X(@) =<[G,@H, (@ +G,@H,@]X(2)
2 (1.12)
+ 216, @Hy (-2 + 6, @M, (-2 ]X (-2)
or by the modulation matrix
X (2 _E[GO(Z) G,(2) }{HO(Z) Ho(—Z)}[ X(Z)}
X@| 2|G,(-2 G,(-2)|H,@ H,(-2]X(-2)
; (1.13)
_c"@H"@| *?
X (-2

where, X (z) is input vector signal,
H, (z) - analysis multifilters, r =0,1
G, () - synthesis multifilters, r =0,1

X (z) - output vector signal.
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METHODS FOR DESIGN OF WAVELET AND MULTIWAVELET FILTER BANKS 10
H™(2) - orthogonal analysis modulation matrix,
G™ (z) - orthogonal synthesis modulation matrix.
The perfect reconstruction conditions of multiwavelet filter banks using the modulation matrices are:
H"@QH™@) =H™@H" () =cl
G™(z)G™(z) =G™(2)G™ (z) = cl

(1.14)

where C is a constant, I — an identity matrix, and (~) denotes the Hermitian matrix. Therefore, the

conditions to obtain orthogonal multifilter banks are:
Ho@H,(2)+H,(-2)H,(-2) =cl
H,@H,(2)+H,(-2H,(-z)=cl
H,@H,(2)+H,(-2)H,(-2) =0
H,@H,(2)+H,(-2)H,(-2) =0

(1.15)

which means that only the lowpass multifilter H () is needed.

1.3.2.2 Properties of the multiscaling function
In this sub-chapter we consider some important properties:
A. polynomial reproduction of discrete polynomials;
B. Pre—and post—filtering;
C. Balancing;
D. The sypport of a multifilter;
E. Symmetry/antisymmetry of multiscaling and multiwavelet functions;

1.4. Theory of spectral factorization

The spectral factorization has a unique minimum-phase solution H(e'*) if para-Hermitian
polynomial matrix P(e!”)is positive definite on the unit circle | z | =1, absolute integrable with a

finite energy and satisfying the Paley-Wiener conditions [152]:

» For scalar spectral factorization
i]Eln Pe')dw > —o or i][.In P(e')dw<w;
2w ol 27 g ’
» For matrix spectral factorization
1 jln det P(e/)dw > —o or ijln detP(e/)dw <.
2r <, 2r *,

Therefore, the spectral factorization is the process of determining the minimum phase
function belonging to a given power spectrum P(e'”) which is the product of two factors, H(z),
and H*(z), either of which are to be determined, i.e. P(e'*) = H(2)H"(2).

The fundamental theorem of the spectral factorization is Fejér — Riesz theorem for positive
definite functions. The terminology comes from prediction theory, where the nonnegative function

v(2z) plays the role of a spectral density for a multidimensional stationary stochastic process. Fejér [71]
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11 Vasil Kolev
first shows the importance of the class of trigonometric polynomials that admit only positive real
values; as a theorem it is proved by Riesz [114]. The Fejér — Riesz theorem for a trigonometric
univariate polynomial is:
N
v(z) = ZVka (1.16)
k=-N

When the function v(z) is real for all z € T, then the coefficients for all k satisfy the following equality

v=v .If v(z) 20 for all zET (unit circle), the factorization of the function v(z) is:

v(2)=p(2)p*(2) (1.17)

N
where p(z) = Z p,z“ is called a scalar spectral factor and p*(z) is a Hermitian polynomial.
k=0

The scalar spectral factor p(z) is unique to a unitary matrix multiplier U(z) [59], [60], i.e.,
pnew(z) = p(Z)U (Z) . (1.18)

The Wilson — Burg method [142] for spectral factorization constructs a minimum-phase signal
from its spectrum. This is an iterative method with good numerical convergence [58]. Its main
application is in study of analytic and bounded functions whose zeros do not lie on the unit circle.

The matrix spectral factorization plays a crucial role in different applications that arize in
MIMO systems and control theory [82],[141], [148]. The Bauer’s method is well-known for spectral

factorization [14], and the implementation of Youla and Kazanjian [102], [103], [109], [149] has been

successfully applied [30], [54], [78], [81].
1.5 Theory of spline basis functions
The author has constructed - Linear B—splines; reduced support Hermitian spline for an interval [0,1]; a
cubic Hermitian spline ; and a Quintic Hermitian spline.
1.6. Results and conclusions

Based on the identified problems, the author makes a contributionto the theory of wavelets and
multiwavelets. For this purpose, a new universal unitary matrix structure was developed, applied in the
construction of a new parametric structure model for directly constructing scaling and wavelet
functions.

From the overview it follows that scalar and/or vector filter banks can be constructed from
Bernstein polynomials, Legendre polynomials, cubic and quintic Hermitian polynomials, as well as

linear and quadratic B -splines.
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CHAPTER 2
CONSTRUCTION METHODS OF SCALING AND MULTISCALING FUNCTIONS FROM
POLYNOMIALS AND SPLINES

2.1 Basis change method

The basis change method for construction of scaling and multiscaling functions consists of
constructing a coefficients matrix of the basis functions for a defined interval. This is a product
of a scaling function ¢(t) or a multiscaling ®(t) function with a nonsingular matrix A, i.e.

A'A = AA™' = 1. In the multiscaling function case it leads to a new function:

B(t) = AD(t) =+2> AC,Dd(2t—K). (2.1)

Changing the basis in (2.1) can be represented as:

B(t)=2> (AC, A)AD(2t—k)

(2.2)
=23 H,®(2t-k)
k
where supp ©(t) = supp é(t) , and the new matrix of coefficients is determined by:
H, =AC A™. (2.3)

The basis change method is used for the design of multiscaling functions from - Legendre
polynomials and B—spline, cubic and quintic Hermitian splines.
2.2 Brute force method

The brute force method is a direct method for the design of scaling and multiscaling functions
consisting of equalization of the basis function with a scaling function ¢(t) or a multiscaling ®(t)
function over a defined interval. To apply this method we need:

(a) to divide the basic functions of :

left (L): @ (t) and right (R): @ (t) .

(b) divide the support of the basis functions of subintervals.

The matrix coefficients from the multiscaling function is found for each subinterval. Example,

for the multiscaling function
D(t) = V2 (C,@(2t) + C,d(2t —1) + C,d(2t - 2))

each matrix coefficient is found from the matrix equations

D(t) =/2C,D(2t), whent € [o0,1/2], (2.4)
D(t) =/2C,D(2t) + V2C, D (2t —1), when t € [1/2, 3/2] (2.5)
D(t) =/2C,d(2t - 2), when t € [1/2, 1]. (2.6)
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2.3 Inner product method
The inner product method uses tensor products and an integral depending on the interval
of the basis functions. A disadvantage of the method is its computational complexity.
2.3.1 “Hat” scaling function

The support of the multiscaling “Hat” function is [0,2]

()= V2(hg(20) + h(2t 1) +hg(2t~2)).
The scalar coefficients is determined in the dependent the neighbouring coefficients:

> h, dependent fromh,;
> h dependent from hyu h,;

> h, dependent from h,.

This leids to construction and solving of the linear systems:

qgr O
[a, b, cl=2[h, h, hllr q r|. (2.7)
0O r q
where three scalar coefficients are:
111 5 1 1 410 ’ 1 1 1
h,, , hl=—71|=, —, =||=|1 4 1 = =, =, —.
(o o el ﬁL 12 4} 2001 4 [2& V2 M}

2.3.2 Multiscaling function of cubic Hermitian spline

The support of the multiscaling function for cubic Hermitian spline is [0,2]
D(t) =/2C, D(2t) +~/2C, D(2t —1) +/2C, D(2t - 2)

where C;,C,, and C, are matrix coefficients. By dividing cubic Hermitian basis functions of ‘left’ and

‘rigth’:
. 3t° -2t°
- left (L) for the interval t €[0,1]: @, (t) = s , (2.8)
" —t
32-1)*-2(2-t)°
- rigth (R) for the interval t €[1,2]: ®,(¢) = ( ) ( ) . (2.9)
(2-1)° - (2-1t)
is derived the matrix equation:
Q R 0"
[c,. C,, Cz]:%[A B CJRT Q R (2.10)
0 RT Q
whose solutions are the matrix coefficients:
1 3 1 3
c 2 alc MY o 12 2 (o11)
TW| L BT S TR |
8 8 8 8
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2.3.3 Alpert multiscaling function
The support of the Alpert multiscaling function is [0,1]:

D(t) = V2C,D(2t) +/2C,D(2t -1) .
where C, and C, are matrix coefficients, and whose basis functions lie in different intervals. From the

inner products:

((@(1), @(21))) = v2C, {(®(21), d(21)))

(2.12)
((@(t), (2t -1))) =v2C, (@ (2t - 1), @(2t - 1))
the two matrix coefficients can be determined
1 0 1 0
1] 2 1] 3
C,=— and C, =— . 2.1
0 \/5 \/g 1 1 \/E ~ ﬁ 1 ( 3)
4 4 4 4

2.4 Results and conclusions

Chapter 2 discusses research opportunities in constructing new methods for constructing banks
of polynomials and splines. Thus, three methods for constructing scaling and/or multiscaling functions
have been developed. They have been applied to Legendre polynomials, cubic and quintic Hermitian

polynomials, and linear and quadratic B-splines.
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CHAPTER 3
METHOD OF SPECTRAL FACTORIZATION

3.1 Design of the product filter
The most important part when using the method of spectral factorization for find desirable
scaling or multiscaling function that satisfies the mandatory smoothness condition of scalar or matrix

filter product

detP(z) = (“22 ) Q(2) (3.1)

where Q(z) is a linear phase polynomial. The matrix product filter
P2)=P,z*+P, 2" +---+P +---+ PR,z +RZ"

satified the half-band filter condition:
P(z)+P(-z) =21, (3.2)

which means that
BR=I1 uP,=0k=0. (3.3)
The simplest matrix product filter is the two channel product filter P(z) e C™'[z,27"] of an first
order, i.e. k =1 [89]:
P(2)=R'z"+R+Pz, (3-4)
To achive smoother scaling or multiscaling functions we need higher-order scaling or matrix
product filters. This is equivalent to the multiplyer (1+ z)™ in the mandatory smoothness condition and

singular matrix polynomial.
3.2 Quadratic equation method
The method use solving of quadratic equations [89]. Example, for scalar spectral

factorization of product filter p(z)

pP(2)=p 2  ++pLzt+p 2t +p,

+ P2+ Pzt +-+p 2t

(3.5)
=h(z)h*(2) 35
=(hy +hzt +h,z? +--+h z7*)hy + hz+h,z° +--+h, ")
where h(z) is scalar spectral factor and h*(z) is scalar Hermitian spectral factor.
3.3 Roots method (Wiener-Hopf factorization)
Roots method [31], [129] use find of polynomial roots:
p(2) =h(2)h(z™)
(3.6)

=pJT@-2)e- D[] @-2)"

where p, #0 and Hermitian root z" is root when z is also root.
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3.4 Cepstral method
The cepstral method is based of FFT [28], [33], [83], [94], [110] as can be use to construction of

nonsymmetrical orthogonal scaling function. The main idea is logarithm of the scalar filter product:

. -n I c -n I OO n
log p(z) = 1,2 =(E°+Z|n2 )+(E°+Z|n2 ). (3.7)
—0 1 1
The factorization consists from the sum of two polynomials as well as iterative finding the coefficients of
spectral factor:
1
hy = eXp(E ly),
(3.8)
hy =1 hy + 1 b 4ot 21
n n''0 n n-1""1 n 1" 'n-1
3.5 Bauer’s method

The Bauer’s method is based on the Fejer-Riesz theorem for matrix case [29], [60], [80], [120],

[122] which means that spectral factorization of scalar p(z) product filter with coefficients p_, = p,,

or (matrix) P, =P with product filter P(z) is obtained by Choleski decomposition of the block-band

matrix:
P P P P
Tnxn — k —k+1 k-1 k — FFT
P k I:)—k+1 I:)k—l Pk
_ _ ; (38.9)
(n) (n-1) (n-1) (n) (n-1) (n-1)

~ Ck“ Cln CO“ Ck“ cl” CO“

- (n) (n-1) (n-1) (n) (n-1) (n-1)
Ck” Cl“ CO” Ck“ C1n CO”

Consequently, the Bauer’s method for spectral factorization is equivalent to the Choleski

decomposition of (n+1)x(n+1) block—band Toeplitz matrix [23], [24]:
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17 Vasil Kolev

i PO Pl T Pk ]
P—l Po Pl "' Pk
Tnxn = P—k - . I:)k
Pl
L P—k P—l PO a
. (3.10
co Teo _1-(3.10)
Cl(l) Cél) Cl(l) Cél)
.
FraFil =| 7 cy ce cy
i Cén) . Cl(n) Cén)__ Cén) . Cfn) Cén)_
The scalar (matrix) spectral factor from the last row is definited:
H®@)=C” +CcMz" +...4CcWz ", (3.11)

The main disadvantage is its sublinear convergence for singular polynomials (matrix product filters).
3.6 Results and conclusions

Chapter 3 includes an overview of scalar spectral decomposition methods, a development for the
matrix case of the smoothness condition for a scalar product filter. The product filter of Alpert

multiwavelet filter is developed.
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CHAPTER 4
ALGORITHMS FOR BAYER’S METHODS

4.1 General theory of the fast Bauer’s method

The advantages of the fast Bauer’s method are avoiding the Choleski decomposition of a
Toeplitz matrix of an enormous size and the obtaining of a spectral factor with exact values using well-
known software tools such as Matlab [92], [93] or Maple [90]. For the purpose, it is necessary to
reduce the degree of the product filter to a first order and solve a NME. Consequently, the k—order

product filter by rearranging the matrix coefficients P,
-k -k k- k
P(z)=P,z"+P, 2" +-+P, +---+P,_, 2" +Pz", and P,=P'. (4.1
is a construction a new product filter of order one, i.e. k = 1.
P(z)=P,z'+P, +Pz. (4.2)
where P,,and P, = P are the new matrix coefficients.

4.2 Algorithms for the fast Bayer’s method
The fast Bauer’s method is based on representing the Cholesky factorization of a Toeplitz matrix

iteratively row-by-row, which leads to the nonlinear matrix equation (NME) [89], [90]:
XD =p —pT[x™]'R (4-3)
where from the solution X® = P,, we find that
X® =cOCOT . (4-4)
Since when n — o0, X™ — X | then
X=R-PR'X"R (4.5)
On the basis of the previous theory are constructed Algorithm 1 (Fig. 4.1) and 2 (Fig.4.2) for
finding of scalar( matrix) spectral factors with exact values by Bauer’s method for spectral factorization.
4.3 Numerical methods for fast Bauer method
The chapter considers the three methods solving the NME—FPI method, Newton method and
GDARE.
4.4 Fast Bauer method (scalar case)
This section considers the fast Bauer method for scalar spectral factorization.
4.5 Fast Bauer method (vector case)
In this section using the fast Bauer method for matrix spectral factorization we obtain Alpert
multiscaling and multiwavelet functions.
4.6 Results and conclusions
Chapter 4 is devoted to developing Algorithms 1 and 2 for the fast Bauer method and solving
them numerically according to three numerical methods. This is imposed by the main drawback of the

classical Bauer method for spectral decomposition — the need to form Cholesky decomposition of a

block Toeplitz matrix.
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Inputs: P,, R, ..., B, (matrix coefficients of P (z) )
Outputs: C,,C,,...,C, ( matrix coefficients of H(z))

Begin:
If k>1
Construct block matrices If’0 , |:’51 to reduce the order to one,
k=1;
end

Step 1: Find the matrix X by solving (X =P, — P X "'P,) numerically;
Step 2: Find the matrix C, as the Cholesky factor of X (X =C,C]);
Step 3: Find the matrix élfrom él = If’léo_ T
If k>1
Extract C,,C,,---C, from C, u C,;
end

Inputs: P,, R, ..., B, ( matrix coefficients of P (z))

Outputs: C,,C,,...,C, (matrix coefficients of H(z))
Begin:
If k>1
Construct block matrices P,, P, so that k = 1;

End
Using a suitable computer algebra system

Step 1: Set up a symmetric matrix X with symbol entries X; ;

Step 2: Set up and solve the nonlinear systems of equations:
f(X)=X-P,+P'X'P,=0;
Step 3: Find the matrix éo as the Cholesky factor of X ( X = COCJ );

Step 4: Find the matrix C, from C, = P'C;";
If k>1
Extract C;,C,,---C, from C, u C,;

Fig. 4.2 Algorithm 2: Exact Bauer’s method

The method is further complicated when finding a desired multiscaling function from a singular
filter product, since despite the huge dimensions of the Toeplitz matrix (>10°) the convergence is even
sublinear. The main advantage of BMB is the compilation and solution of NME with - FPI and Newton’s
methods. A major advantage and application of the developed Algorithm 2 is finding desired orthogonal
multiscaling functions with exact coefficients. This is verified by constructing orthogonal Alpert
multifilter banks.
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CHAPTER 5
APPLICATIONS OF METHODS FOR CONSTRUCTIONS OF WAVELET AND
MULTIWAVELET FILTER BANKS

5.1 Applications of Bauer’s methods for spectral factorization
5.1.1 Haar scaling function

The Haar product filter is singular k = 1 order para — Hermitian polynomial on the unit circle

(z =—1) with two double zeros,

P@)=p.z"+p,+ P2 (5.1)

1
where the coefficients are p,=1p_, =E. After applying the exact Bauer’s method for spectral

factorization the spectral factor is:
1 1
h(z)=—=+-=2". (5-2)

An important charachteristic and essential disadvantage of Bauer’s method is the convergence of

the diagonal value in block — band Toeplitz matrix:

/1+i z1+i (5-3)
n 2n
‘/1+1 —(1+ ij
n 2n

(a) *10°° thesize of H, _ needs to be:

with an absolute error ¢,,,, = which means that to achieve the desired precision:

n=10" — ¢, = /1+L— l+L =1.3x10"°.
10000 20000
(6) ~107* the size of H,_ needs to be:
n=10" - ¢, = 1+i7—[1+ L 7] ~1.25x107%5.
10 2x10

Then, Bauer’s method (classical version) is considered for spectral factorization of the Haar product
filter with size n= 5-65x103 of block — band Toeplitz matrix. The numerical errors of the spectral

factor and the product filter are shown in fig.5.1 and are obtained by:
& =lh(@)-h" @)L,
0 f o) ot (5.4)
&, =ll p(2) - (@™ () Il..
where h™ =h{™ +h"z*,

5.1.2 Daubechies scaling function

The Daubechies 4 product filter

p(2) = p, (22 +2%)+ p,(z 2 +2%) + p (2 +2) + p,

is a singular k = 3 order para — Hermitian polynomial on the unit circle with quadruple zeros z =-1):
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p(2) = h(z)h(z‘l):%(—ﬁ 4927 416492 2°)

(5.5)
_ @+27)f(@* -4z+)) 55
16
According to the exact Bauer’s method the well-known spectral factor is:
(D)= 03 + @B + @B+ 0B ). (5:6)

After applying Bauer’s method for a Toeplitz matrix of size n = 58750 the numerical error of the product
filter is &, = 1.793x107%°, while of the spectral factor is e, = 1.534x1075 even for n = 65000.
5.1.3 Alpert multiscaling function

The Alpert matrix product filter is a singular k = 1 order para — Hermitian polynomial on the

(1+2)*

unit circle (z = —1) with quadruple zeros, i.e. detP(z) = ~— . After applying of Bauer’s method for a
z

size of Toeplitz matrix n>104 the error of matrix spectral factor is &, = 0.53x10°¢ for a Toeplitz matrix

of size n > 104.
5.1.4 Fast Bauer method
5.1.4.1 Scalar spectral factorization

A) Haar scaling function

The Haar product filter given in (5.1) has is with coefficients equal to p, =1, p,=p, =1/2.
Then, the solution of the nonlinear scalar (matrix) equation (NME)
X=po = px"
e % - (5.7)

is x= % . By using the Cholesky decomposition of the solution we find that

X =h,h, =h?
hl = plT ho_1 =P, ho_1

which leads to the normalized Haar coefficients:
— 1
h = = —
° J2
L
h, = p,h t-
1 1''0 \/E

The fast Bauer method is fast, simplie, and elegant. Moreover, the spectral factor can be found with

(5.8)

exact values.
A) Daubechies 4 scaling function
Now, let us investigate the fast Bauer method for scalar spectral decomposition of higher order

product filter. Such an example is the Daubechies 4 scaling function.
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Obvious, the function is supported in the inteval [0,3]. Thererfore, in order to apply the fast Bauer
method it is necessary to reduce the support of product filter to [0,1]. This means that the scalar product

filter coefficients will be restructured into two matrix product coefficients, i.e.:

p(z) = r)1zil + r)o + f)lz (5.9)
PBo P P Ps P, P
Kpgero Py =P, P, P |HP=[0 p; P,
P, P Po 0 0 p

The result is that finding scalar spectral factor with exact values becomes impossible. This is a
result of the singularity of the matrix product filter with its quadruple zeros.
5.1.4.2 Fast Bauer method for spectral factorization
(A) Using Algorithm 2
The seven examples with different singularity (Table 5.4) of the scalar and matrix product filters
are considered by applying the fast and the exact Bauer methods. The obtained spectral factors
are with exact values. In addition, a new supercompact multiwavelet filter is found with

smothness Sy, =1.28 which is better than CLS,, =1.06.

The accuracy of the resulting matrix coefficients is calculated respectively:

- for coefficients of the scaling or the multiscaling function:
& =I1Co —Cg” | (5.10)
- for coefficients of the scalar or the vector product filter:

&0 = B —Co"IC"T —C"IC"T | (5.11)

Table 5.4 The characteristics of scalar case (example 2) and matrix cases (examples 1, 3—7)

Example Singularity Zeros of the unit circle

1 No None

2 Yes Two double
3 Yes Two double
4 Yes Quadruple
5 Yes Quadruple
6 Yes Quadruple
7 Yes Decuple

Example 1: (Nonsinglar para — Hermitian polynomial) [95].

This is nonsingular prara — Hermitian matrix polynomial of order -2:

0 0|, |0 O, |1 0 (O O 0 2|,
P(z) = z°+ Z+ + Z+ z
F S A N S

)= (2z-1)(2-2)
B z

which the determinant detP(z have zeros of % and 2. Since the order is

greater than one a new 4 x4 matrix polynomial withmatrix coefficients FA{) u FA’1 is obtained. The
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8 2 -2 0
. 112 145 8 - ) )
solution of NME X = 72 s 9 leads to the matrix spectral factor with exact

0 -34 0 153

coefficients:

H(z) = 140 + 111 27+ 10 42’2
J34|1 17| J3a|0 -4 J34l0 o]
Example 2: (Haar scaling function).

The scalar filter product

P(2)=z'+2+2=(1+2)1+z") = (1+2)?

has double zeros (z = -1). The solution of NME is X =1 which leads to nonnormalized Haar

scaling function
H(Z)=1+z".
Example 3: (Singular matrix polynomial) [61].

The singular matrix polynomial

6 22| , |2 7 6 22
P(z) = z7+ + z
22 84 11 38| |22 84

(z+D)*(z-1)°

for which det P(z) = , has two double zeros (z = +1), leads to the solution

1
X = { 26} , from which we construct the matrix spectral factor with exact values:

5
a1 0.2 1
(Z)_5 AN

Example 4: (Integer Multiwavelet) [32].

This is para — Hermitian matrix polynomial

o= 4 e[t O 4]
4|2 0 0 1| 4|-v2 o0

-1\4
for which detP(z) = w , has quadruple zeros (z = -1). The solution of NME
z
X = 112 V2 leads to the multiscaling function:
442 2

Hiz) =L V2 0| V2 0| 4)
2(|-1 1 1 1
After multipliying of the spectral factor with C =diag (\/E 1) the well-known integer
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multiscaling function is obtained [89]:

- 1 0 1 0
H(z)CH(z){_l l]+[£ 1}1
2 2 2 2

as its complementary function is the multiwavelet function

_ fo1][o0 1
G- 4 110 1l
2 2] [ 2 2

Example 5: (A new supercompact multiwavelets).

The orthogonal CL multiscaling function [90]

o 2+4T| [3 1 2-41
H = 4 + 4 42’1_’_ 4 2*2.
& 0 2-J7| |1 3 2++7 0
4 4 4 4

leads to the CL product matrix filter:

b=t 4 1+\/72_1+{1 0}1 4 —(1+\/7)Z
. —@+47) =7 0 1] 8V7+1 -7
(4-J7)(1+2)*

for which detP. (z2)=
e (2) 3077

and which has quadruple zeros on the unit circle. The

solution of the NME X =C,C/ is the symmertrical nonsingular matrix:

:1[ 4 \/7+1}
8[J7+1 4
\/_L/{l W} L/_+1 W}

Since, the square leads to two solutions

V8- 247 = /1 VT7)?
—JWT DT -1 = a7

then the two new orthogonal multiscaling functions are:

M1) (V7 -1): H(z):%([ﬁ“ﬂ \/70_1}{_\;_1 \/70_1}1}-

\/E 4 0 4 0 1
(M2) (1—ﬁ)=H(Z>=?(Lﬁ+1 _(1_ﬁ)H_ﬁ-1 -(ﬁ—l)}Z J

Their multiwavelet functions are found by QR decomposition:

v2([ o 4 0 *
(M1) G(z)= H 1-7) _(1+\/_)} L—ﬁ (1+\/—)} J
(M) o= ﬁ[{ (1of) 1+LH L—Oﬁ 1+_H21}'

The pairs multiscaling and multiwavelet functions are shown in fig. 5.4.
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(a) e

(b)
Fig. 5.4 The two new orthogonal supercompact multiscaling functions ®(t) = [¢,,¢]" (red)

and multiwavelet functions ‘() =[y,, 1//1]T (blue; (a) (M1) (b) (M2)

Example 6: (Alpert multiscaling fucntion).

The singular para — Hermitian product matrix polynomial

P@)=2| 2 ﬁzl{l 0}1 2
4|-y3 -1 0 1] 4|43

z’(1+2)*

-1

_\/ﬂ
z

with detP(z) = has quadruple zeros(z = —1).

From X =P, —P,"X P, and Cholesky decomposition of the solution X =H,H] is determined:

. 1 ﬁ L 1 0 1 1 ﬁ
. 2 2
- first coefficient X =— =— —_= ;
fi A 2| 3 NA ﬁ 1 NA) 1
= 1 ) 0 -
2 2
-1
1 ﬁ 1 0
- second coefficient H, =P H," - 2 3 =3 2 -1 3
S MU RH
2

Example 7: (Legendre multiscaling function of order 5) .

The singular para — Hermition matrix polynomial with 5x5 matrix coefficients P,,P,, the

supercompact multifilter P(z) =P, + Bz, where P, =1 and

128
—64+/3
0
— 6447
0

64/3
— 64
~16415
16+/21
8.3

0 -1647
16415 16421
~112 -8y15
8J35  —40
24,5 3947

0
~83
24+5

~3947

53

with detP(z) =

zeros on the unit circle. The solution leads to the multiscaling function:
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[ 16 0 0 0 0 16 0 0 0 0
-8J/3 8 0 0 0| | 8/3 8 0 0 0
H(z)zg 0 -4J15 4 0 0|+|] 0 415 4 0 ofzt
27 2J21 -2435 2 0| |-247 221 2Y35 2 0
0 23 656 37 1| | 0 -2/3 65 -3J7 1

The numerical errors for the product filter in examples 1~7 &, and for the spectral factor ¢, ,

as a result of a fixed-point iteration and Newton’s method obtained with Asncopumosm 1 fast
Bauer method are shown in fig.5.5 and fig. 5.6. The results show big differences in the
convergence for the two methods.

B) Using built-in functions

The results from the bult — in functions ‘dare’ and ‘idare’ for solve of GDARE are:

Maple - The results of the numerical errors for solving of GDARE with ‘dare’ in Maple (Table 5.6)
show a high precission of the spectral factorization. Further, obtaining of a high-precission
spectral factor (~10'?) can be achieved only for nonsingular polynomial (Example 1). In cases of
para — Hermitian matrix polynomials that possess multiple zeros on the unit circle the achieved
precission is very low (~104) (Examples 4—7). Moreover, in cases of para — Hermitian matrix
polynomials that possess double zeros or with different signs (z=+1, Example 3) on the unit
circle, the obtained solution is incorrect. Therefore, using the built-in function is not
recommended.

Matlab - Although achieving better accuracy (Tabs1. 5.7) in comparison with Maple, for singular para
— Hermitian matrix polynomials with multiple zeros, or with double zeros, or with different
signs on the unit circle, only the R2018a version provided solutions. Only the precision of the
solution of the NME and the spectral factor for example 7 (with decuple zeros) is lower than

Maple.

Table 5.6 Errors ¢, , ¢, ,and &, for examples 17, using the ‘dare’ in Maple 17

Example Ey &y Ep
1 2.35e-11  7.0le-11  3.29e-9
po = 2, p1 =1
1.22¢e-8 6.10e-9 (o}
2
Po=1,p1=1/2

6.10e-9 4.50e-9  5.55e-17

Incorrect solution X

5.95e-4  5.95e-4  6.59e-10
1.69e-4  2.90e-4 6.59e-10

2.20e-4 5.95e-4 2.64e-10

N S AW

2.61e-3 4.41e-2 7.82e-3
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10°,

-1 ‘ ‘ I
10_2 ——Example 1 107"
10_3 —o—Example 2 1072
10_4 Example 3 1073
10_5 —o—Example 4 104
10_6 —o—Example 5 107
10_7 Example 6 10°
18_8 ——Example 7 10';
10°
-9
-9 ]
1:)[_)10 1(_110 ——Example 1
10" 10_11 —o—Example 2 ]
10712 10_12 Example 3
10_13 10_13 —o— Example 4 ;
14 10 —o—Example 5
10 14 3
1015 10 o Example 6
10° ——Example 7
-16 pie
10 . . \ . . ! , | 10_16 . . | ! | . | ) -
10° 10" 102 10° 10* 10° 10° 107 10® 10° 10° 10" 102 10 10% 10° 10° 107 10® 10°
n n
(a) (b)

®ur. 5.5. Log—log plots of the numerical errors obtained by fixed point iteration (FPI) applied

to the fast Bauer method (FBM) for scalar and matrix spectral factorization of the product filter.

(a) the residuals &, (b) the errors ¢,, of the spectral factor.

Example 1 10(1)
—o—Example 2 10_2

Example 3 ! 10_3
—o—Example 4 | 104 ]
—o—Example 5 ! 10-5 r

Example 6 1 1071

6L
Example 7 1 10
1 10-7 L
e 108 ¢

9L ]
j 1:)910 ] —— Example 1 :
] 101 E —o—Example 2 |
] 1021 Example 3 ;
] 10-13 b —o— Example 4 |
10_14 1 —o—Example 5 |
i 107151 Example 6
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®@ur. 5.6. Log—log plots of numerical errors obtained by Newton method applied to the fast

Bauer method (FBM) for scalar and matrix spectral factorization of the product filter;

(a) the residuals ¢, (b) the errors ¢,, of the spectral factor.
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Tabauma 5.7
Nummerical errors ¢, , &, , ¢, of examples 1-7 by using

build- in functions (‘dare’ u ‘idare’ ) for 14 Matlab versions

Matlab verion Example ¢, &y &p
1 178e-15  5.55€-17 6.;51'2-012%%2011@
Po=2,p1=1
No solutions, Report = -1*
2 Po=1,p1=1/2
R2011a (DARE) 4.95e-09  3.50e-09 0
R2o012a (DARE) 3 1.49e-06  8.31e-07 5.68e-14
4 No solutions. Report = -1*
5 No solutions. Report = -1*
6 No solutions. Report = -1*
4 0.00105  0.0137 1.09e-10
1 1.78e-15 5.55e-17 4.44e -16
Do=2,p1=1
No Solutions. Report = -1*
2 Po=1,p1=1/2
4.95e-09  3.50€e-09 0
1528:22 Egﬁﬁgg 3 1.49e-06  8.31e-07 5.69e-14
4
5 No Solutions. Report = -1*
6
7 (R0.20(;)11(1);) (1{)2.?)11467a) 1.53e-11 (R2016a)
1 7.11e-15 4.16e-17 1.78e-15
Po=2,pi=1
No solutions, Report = -1*
2 DPo=1,p1=1/2
7.00€-09  4.95e-09 5.55€-17
R2018a (DARE) 3 1.56e-06  7.98e-07 9.95e-14
4 5.45e-05  5.45e-05 8.88e-16
5 3.58e-05 6.16e-05 6.66e-14
6 4.32e-05  6.12e-05 4.44e-16
7 0.00108  0.01418 1.978e-11
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Taoumna 5.7 (continued)

Matlab verion Example ¢, &y &p
1 3.55e-15 1.11e-16 3.55e-15
Dbo=2,p1=1
No solutions. Report = -1*
R2019a (IDARE) 2 Po=1,pi=1/2
R2019b (IDARE)
R2020a (IDARE) 5.55e-09  3.92e-09 0
R2020b (IDARE) 3 No solutions. Report = 3**
R2o021a (IDARE)
R2021b (IDARE) 4 No solutions. Report = 3%*
R2022a (IDARE)
R2022b (IDARE) 5 4.45e-05 7.64e-05 2.20e-13
6 4.33e-05 6.12e-05 8.88e-16
9.50e-11 (R2022a,b)
~ 0.00101  0.0131 1.466-10
1 5.33e-15  8.88e-16 3.55e-15
pO = 27 pl =1
No solutions. Report = 3**
2 Po=1,p1=1/2
No solutions. Report = 3**
R2021a 8.546- - -
.54e-07  6.44e-07 1.56e-13
Update 4 (IDARE) 3
4 No solutions. Report = 3**
5 No solutions. Report = 3**
6 4.73e-05  6.69e-05 8.88e-16
~ 9.87e-04 0.01277253 2.97e-10
Legend:

*Report -1 — meant “the associated symplectic pencil has eigenvalues on or very near the
unit circle”;

**Report 3 — means “The symplectic spectrum has eigenvalues on the unit circle”;

5.1.5 Comparative Analsysis of Bauer’s methods

The main advantage of Bauer's method is the ability to find a spectral factor, and the main
disadvantage is the need for the Cholesky decomposition of an nxn Topletz matrix of large dimensions
(more than n=65x103). A major advantage of the fast Bauer method in first-order product filter
decomposition is the avoidance of the Toeplitz matrix decomposition, which makes the method fast,
simple, and elegant. The other important advantage is the exact values of the spectral factor and the
product filter. This allows for simplified hardware schemes to implement filter or multi-filter banks. A
major drawback of Bauer's fast method is that, due to the strong influence of unit axis roots in scalar
spectral decomposition, it is not guaranteed to find a spectral factor with exact values (Daubeschies 4

scaling function).
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5.2 Applications of orthogonal multifilter banks
5.2.1 The lifting scheme of Alpert multiwavelet filter bank with diadic approximation of
V3 and applied to 2D curaaau

The influence of 2— and 3-bits quantization of V3 = a/b in the lifing scheme is considered for
balanced and non balanced Alpert multiwavelet filtter bank. PSNRs for 3-bits in balanced and
nonbalanced multifilter lead to high-quality images, while 2—bits quantization lead to big errors. Hence,
for nonbalanced filter bank and 2-bits quantization for all decomposition levels J > 1 the obtained
images have a mesh structure as well as for balanced filter bank for J > 4 artifacts appear. Therefore, 3—
bits quantization is necessary to achieve high-quality image for two types balancing.

5.2.2 Comparative analysis of three orthogonal multifilters for denoising of gray-levels
image

Signal denoising is one of the most common applications. It is the shrinking, suppressing, or
removal, if possible of the noise.

In this research is consider an input signal s with AWGN, e ~ N(0, 02) and obtain the denoisng
signal $. The technique for denoising the signal s (gray level images) is the multiwavelet transform that
possesses the important property that the input signal energy is concentrated in several wavelet
coefficients, the noise energy in subbands with Gaussian distribution. The ‘hard’ and ‘soft’ threshold
values are selected. The highest PSNR for ‘hard’ threshold is obtain for denoising with Alpert multifilter,
while for ‘soft’ threshold— GHM.

5.2.3 Comparative analysis of orthogonal scalar and vector filters for image compression
of astronomical image from scanned photograph plates

The Haar — like, Daubechies - like multiwavelet filter banks [86], [87] with its scalar versions and
GHM multifilter are compared for compression of astronomical images from scanned photograph
plates. The results shows better quality of compression for such a type images with Haar — and
Daubechies like multiwavelets. Extremely effective for lossless compression for images with highly non-
smooth areas of uniform intensity is the Haar — like multiwavelet filter bank to 5 decomposition level. A
disadvantage of scalar Daubechies filter bank is the existence of structure dependence in the astronomy
image from scanned photograph plates.
5.3 Results and conclusions

Chapter 5 shows fast Bauer method compared with the classical method, and the finding of
scalar or matrix spectral factor without Cholesky decomposition of nxn Toeplitz matrix and with exact
coefficients.

To avoid unwanted defects in image processing of gray-level images it is quite enough the 3-bit
quantization of the coefficient V'3 with balanced or nonbalanced Alpert multiwavelet filter bank.

The balanced Alpert multiwavelet filter bank, despite its shorter length and smaller coding gain,
achieves a higher PSNR compared to GHM and CL multifilters for image denoising of some test gray
levels images. Moreover, for gray image 'Lizard' the balanced and nonblanced Alpert filter achive better
PSNR.

Compression of astronomy images from scanned photograph plates is achieved by using of

multifilter version of scalar filters - Haar — like or Daubechies - like multiwavelet filter banks.
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CONCLUSION

The dissertation investigates problems related to new methods for developing scaling or
multiscaling functions satisfying orthogonal or non-orthogonal conditions.

Four explicit and simple methods have been developed and investigated to prove the hypothesis
that multiwavelength filter banks can be constructed from different basis functions (polynomials,
splines) and that Bauer's method of spectral decomposition can be used to derive desired
multiwavelength filter banks.

The contributions are in the field of wavelet theory. It is possible to consider and apply other
polynomials and spline functions not considered in the dissertation.

A big attention needs to be paid to the development of Bauer’s method for the matrix spectral
decomposition of low degree singular matrix polynomials that avoids the Cholesky decomposition of
large Toeplitz matrices. From a mathematical point of view - it solves multidimensional singular matrix
polynomials, and from an engineering point of view - it solves the problem of finding orthogonal
multiscaling functions with desired smoothness.

Two algorithms of Bauer's spectral decomposition method for singular matrix polynomials are
developed for the first time. Its numerical errors using the fixed point and the Newton numerical
methods were studied, as well as solutions of NME for 14 versions of Matlab (‘dare’ and ‘idare’) and
Maple 17 (‘dare’).

Moreover, the obtained matrix spectral factors are with exact values. One example is the Alpert
matrix product filter which is constructed for the first time.

Scalar and multiwavelet filter banks of Haar and Daubechies, Haar — like and Daubechies - like,
CL, Alpert, and GHM for denoising and compression of gray-level images are considered.

The process of design is based on basic matrix algebra so that it can be easily and conveniently

used by both students and researchers.

FUTURE DEVELOPMENT

Modern signal processing is undergoing rapid development in the analog and discrete domains.
In particular, the wavelet theory is part of basic research in many fields. Therefore, a new direction is
the development and generalization of the theory of spectral matrix decomposition for the multivariable
case. This can lead to improved denoising, compression, or mixed signal processing in the big-data area.

Another new direction is the implementation of the lifting scheme, and software or hardware
implementations of the orthogonal multiwavelet filter banks.

In this scientific study, the scientific results are applied in the processing of gray-level test
images. The investigation and proof of the advantages of the obtained new multi-filter banks in color

photos or video processing is another task for future research.
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AUTHOR CONTRIBUTIONS

Scientific results

Three elegant, simple and fast methods for deriving the matrix recursion coefficients of scalar

and vector functions are constructed: basis change, brute force and inner product .

2. For first time a two-channels Alpert matrix product filter is constructed.

3. Two new orthogonal supercompact multiscaling functions are obtained by using fast Bauer

method for matrix spectral factorization and their complementary orthogonal supercompact

multiwavelet functions are obtined.

Scientific - applied results

1.

3.

By using the three methods and Bauer’s method of spectral factorization scaling or multiscaling
functions from B-spline, qudtaric B—spline, cubic and quintic Hermitian spline and Legendre
polynomials are designed.
Two new algorithms for fast and exact Bauer methods are constructed.

(a) Algorithm 1 — fast Bauer’s method;

(6) Algorithm 2 — exact Bauer’s method;
The author has constructed two numerical methods (based on the fixed-point iterations
technique and based on the Newton method) for solving of singular NMEs. Comparitive analysis
of build—in functions ‘dare’ u ‘idare’ in Maple and Matlab for solving of singular NMEs by
Generalized Discrete Time Algebraic Riccati Equation (GDARE) of Seven examples are detail
considered in detail.
A novel lifting scheme for the Alpert multiwavelet filter bank with two types quantization of
coefficient V3 is constructed. It is applied in filter banks to gray-level images without additional

processing.

. The multiplierless modules for analysis and syntesis of a perfectly restorative bio-orthogonal 5/3

filter bank on Xilinx's Virtex and Spartan series are implemented.
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41 Bacun Kosies

YBOA

AKTyaJIHOCT Ha ImpoodJjiemMa

Or kpas Ha 80-Te TOAMHU HAa MHUHAINSA BeK yeWBJeTHUTEe (YHKIMH Ce HaJO0KHXa KaTo
He3aMEeHUM HHCTPYMEHT B TeO/Ie3UsiTa, B UHCJIEHUs aHaJIN3, B TEOPHUATA HA OIEpPaTOPHUTE, IPHU
obesmrymsaBaHe W Komipecus Ha N-D curHaau, HW3BJIMYaHEe Ha OOEKTH OT AaCTPOHOMHYECKH
n300parkeHus1, MAIIMHHO 0OyUYeHre, COPTHPaHe Ha IaHHU, ThpceHe B 6a3a JaHHM, aHAJIN3 Ha BpeMeBHU
pezloBe, KOMIIOThPHA MeAuIHA U ApP. ChINECTBYBaT pa3IUUYHU TEXHU 0000IeHMs: YEHBIETHH TTaKETH
(wavelet packets), pumkiteru (ridgelets), kpusasnetu (curvelets), ciianneru (slantlets), kagpu (frames) u
Ap.

OT HayaJI0TO HA QO-Te TOJAWHH CHINECTBYBa 0000IIEHNE Ha CKaJapHUTE YEeUBJIETH — TOBA Cca
MYJITUYEHBJIETUTE ChIbPIKAIIN IIOBEUE OT efHa (PYHKIUU U IMPUTEKaBaT eIHOBPEMEHHO CBOMCTBATA -
K'bCa OCHOBA, CHMETPHsI, 1 H3Ue3Ballli MOMEHTHU OT BUCOKA CTEIIEH.

BaskHa mozo6s1acT ca OPTOrOHAJIHUTE MYJITHYEHBIETHH (DUITPH, YHETO pa3paboTBaHe U3UCKBA
MysTuMalnabupama GyHKIHUS la yIOBJIETBOPsBA peIHUIla YCIOBHsS. BbBIpeKH OrpaHHYeHUsTa U
BB3HHUKBAIIIMUTE TPYJHOCTA, CHBPEMEHHHUTE TEXOHOJIOTUM HajlaraT IIpUJIaraHe KM, KOETO BOJIH

pa3pa60TBaHe Ha HOBH METOJH U AJITOPUTMHU 3a TAXHOTO pa3BUTHE.

MortuBamusa

ChIecTBeHa TPYAHOCT € CBhCTAaBAHETO HA METOAW U aJIrOPUTMH 3a pa3paboTBaHe HaA
OPTOTOHAJHU MyJITHMAaIabupamy GyHKIUH YA0BIETBOPSABAIIH [T0—rope H30POEeHH CBOMCTBA.

Jpyro rosiiMO NIpeAN3BUKATEJICTBO € MOJIydaBaHeTO Ha MyJTUMamabupamy GyHKIUU KaTo
CIeKTpaJieH (pakToOp Ha CIIEKTPAJIHO pa3jiaraHe Ha IIPOU3BeJleHUsA Ha CUHTYJIAPHU MAaTPUYHU (PUITPH C
€JHOKpaTHU WJIM MHOTOKpaTHU Hysu. Helo noseye, cCieKTpasHOTO pasjlaraHe Ha TaKbB MYJITUQUITHD
€ C TOJIEMU I'PENIKU W IOPU HEBB3MOKHO.

Eto 3amo ocHosHus uscaedosamencku 6snpoc € CBbP3aH C pa3lIUpsBaHe Ha yeHBJIETHATA U
MyJITUyelBJIETHATA TeOpUs M HEWHOTO wu3cjaefBaHe. B TO3M HaydYHOU3CIENOBATEJCKH TPy ca
paspaboTeHu uemupu memoda 3a pa3paboTBaHe HA CKAJIAPDHU WJIM BEKTOPHU Mamabupamy (QpyHKIIHH

OT MMOJIMHOMH U CIIJIAMHU:

7
£04

Jlupexmen memod ;
s Memo0 Ha cmaHa Ha basuca;

% Memoo0 Ha 8bHWHOMO CKaAapHo npoussedeHue;

7
£04

Bwp3 memoO Ha Batiep 3a cnekmpaaHo pa3aazaHe.

[I'ppBUTE TPU METOJIa C€ OCHOBABAT Ha 0Aa3MCHU (PYHKIIUU OT IMOJIMHOMH I OT PA3JIMYHU THIIOBE
citaiiiu. Te Morar Aa ca eKCOHeHITHMaIHU GyHKIUH, JIexkaHapp IMOJIMHOMH B MHTEpBas [-1,1] mim
[0,1], kyOouunu win kBUHTUK EpmuToBu (Hermite) mosimaoMu 3a uaTepBaiute [0,1] u [0,2], Yebuiies
MIOJTMHOMH OT 1 ¥ 2 poy, Xaap u Youirr QyHKITUH, U JP.

YeTBBbPTHUAT METO/, € pa3paboTeH 3a MoJyiydyaBaHe Ha Marabupaniu (MysrruMariadupaniu) GyHKITN
OT CKayJlapHO (MaTpPWUYHO) CIIEKTPAJIHO pasjlaraHe IIPUTeXKaBallld €HOBPEMEHHO CBOWUCTBATa -

OPTOTOHAJTHOCT, HyJIEBU MOMEHTH, KOMIIAaKTEH HOCUTEJI, U TJIAJIKOCT. 3a Ta3u IleJ1 € pa3paboTeH 6bp3 1
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ToueH MeTo/ Ha bayep 3a cmekTpasiHO passaraHe, MO3BOJIABAIN CIIEKTPATHU (PAKTOPHU [1a ca TOUHU

CTOMHOCTH.

HayyHa nmocTaHOBKA Ha U3CJI€ABAHETO
Obexm Ha HacTOAIIATA IUCEPTAIA ca MyJITUMAIA0UpAIIH U MyITHYeHBIeTHU QYHKIIUH.
Ilpedmem Ha HAyYHOTO H3CJIeZ[BAaHE € pa3paboOTBaHe Ha MyJITUMAIAOUpanid U MYyJITHyeHBJIETHU

GYHKINY ¥ Bb3MOKHU IPUJIOKEHHSA B PA3JINYHH (MYJITH)PUATPH.

Ilea Ha JucepmayuoHHus MpyYO e OT HANPABEHUs aHAIN3 HA CHCTOSHUETO Ha Pa3IJIekKJaHATA
Hay4Ha o0JI1acT /1a ce pa3paboTAT METOAH 3a IOCTPOSIBAaHE HA YEUBJIETHU U MYJITHYEHUBJIETHU QUITHPHU

OaHKH.

Xunoresa
NnesTa 3a ThpceHe Ha HOBH METOAM 3a pa3paboTBaHe MYJITyeWBJIeTHH (WITHPHU OAHKH €
CBBbp3aHa ChC CJIeHATa XUIIOTEe3a, KOATO MMa J[Ba acIeKTa:
(a) BBp3MOKHOCT 3a IMMOJIydyaBaHe UM OT pa3IN4YHU 0a3ucHH GYHKIUU (IIOJTUHOMH, CIUIAHHU) U
ype3 nmpusiaraHe Meroza Ha bayep 3a clieKTpasiHO pasjiaraHe.
(6) Meroaure 1a 6bIAT ABHU, POCTH, ¥ CXOJAUMH, KaKTO U MOJIydeHUTe QUITHPHU OaHKU (IIpu

BB3MOIKHOCT) J1a ca IMT0—A00pH XapaKTePUCTUKU.

Peasinzanuara Ha XUIoTe3ara ce JoOKa3Ba uype3 Bepu@uiipaHe Ha cJIeIHUTE TBbPACHUA:
(a) PazpaboTBaHe Ha MeTOAM 3a IIOCTPOsSBAaHE Ha Mamabupamy W MyJITHMaIiabupanu
(GyHKIUH OT MOJIMHOMU U CILUIANHY;

(6) Anroputrmu 3a 66p3 U TOueH MeTo Ha Bayep;

MeTogoJsiorusa Ha U3CJAE€ABAHETO
N3IrbIHEHUETO HA JUCEPTAIIMOHHUSA TPY/L € ChoOpa3eHoO ¢ OCHOBHHUTE METO/M 3a IOCTUTAaHEe Ha
HAay4YHO ITIO3HAHUE - aHAIN3, CHHTE3, CPaBHEHHE, 0000IIeHNe, U eKCIIEPUMEHTATHU U3CJIeIBAHUS.
HampaBeH e 0030p u aHa/JIM3 HA METOJINTE 3a pa3pabOTBaHe Ha YEHBJIETHH U MYJITHYEUBJIETHH
bunThpHU OaHKH OT IVIEJIHA TOYKA HAa MaTeMaTHKaTa U WH)KeHepHU IpuiokeHus. Ha 6asaTta Ha To3u
KPUTHUYEH aHAIN3 € TI0CTaBeHa 1ieJITa Ha HAyYHOTO U3cje/[BaHe U e popMyIrupaHa OCHOBHATa XUIIOTEe3A.

PazpaboTenu ca ciie[HUTe METOAY 32 IOCTPOsIBaHe Ha OAaHKU.

7

% Jupexmen memod ;
s Memoo na cmaHa Ha basuca;
% Memo0 Ha 85HWHOMO CKANAPHO Npou3sedeHue;
% bovp3 memood Ha Batiep 3a cnekxmpaaHo pa3aazaHe.
['s1aBHM nIpeiMCTBA Ha I'bPBUTE JIBa METO/IA €, Ye ca IPOCTU U ABHH, OKATO APYTUTE ca C MO—
roJIsIMa U3YHUCIUTETHA CI0KHOCT.
N3bpan u 000OCHOBAH € eMIIEpUYHUs IIOAXO7] 3a NMPWJIAaraHEeTO Ha MEeTOAUTE. 3a HeroBaTa

peasin3danua Ca Cb3JaJd€HH aJIOPUTMHU, IIOCTPOE€HH Ca TpPpHU YHCJIEHHH METOJ4, U Ca IIPOBEACHU
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eKkcriepuMeHTH. PazpaboreHn u u3ciaefBaHu ca GWITHpHU OaHKU 3a 00paboTka Ha 1D u 2D curnamm

YHUHUTO Pe3YJITaTH ca CUCTeMaTU3UPAHU U aHAJIU3UPAHU.

OCHOBHH 3a/Ia4M HA U3CJIEBAHETO:

1. Jla ce HampaBAT IpoydyBaHe, 0030p W KPHUTHYEH aHAJW3 HA ChHINECTBYBAIIM METOAU 3a
IIOCTPOSIBaHE Ha Malabupaliy u MyJITuMaInabupaniy GyHKINY;

2, Jla ce ouepTasT HU3CIENOBATEJICKA BB3MOXKHOCTH NpPH pa3paboTBaHe HAa HOBH METOAU 3a
MIOCTPOsIBaHE HA (PUITHPHU OAHKU;

3. Jla ce mpeasokaT HOBHM METOJM 3a pa3paboTBaHe Ha Marabuparid U MyJaTHMaIadbupanim
(yHKIIUH OT IOJIMHOMU U CIUIANHY;

4. Jla ce neduHUpaT U pa3pabOTAT METOAU Ha CIIEKTPAITHO pa3jiaraHe;

5. Jla ce pa3paboTaT aqroputMu 3a Obp3 U TOUEH MeTo/T Ha Bayep;

6. Jla ce cuHTe3upa JuUQTUHT cxemMa Ha QuiTbpHaTa O6OaHKa Ha AJIIepT W IPOBEJAT
eKCIIEPUMEHTATHH H3CJIEZIBAHUA ¢ pPa3pabOTeHUTe METOAM 3a MOCTPOsIBaHE Ha YEUBJIETHH W

MYJITHYelBIeTHH (PUITHPHU OAHKU.

Yuacrue B npoekTu

Yacm om npuaodxcHume pe3yamamu B HACTOAIIOTO /AMCEPTAIlMOHHO H3cje/iBaHe ca
IIOCTUTHATH U MPSKO CBBP3aHU ¢ paboTaTa Ha aBTOpPA B PAMKHTE Ha CJIEJTHUS HAYYHO-U3CJIe/I0BATEICKH
IIPOEKT:

ITpoekT ’Acmpoungopmamuxa: Obpabomka u aHaau3 Ha Ou2UMANU3UpPaHu O0aHHU U web-

6asuparo npuaoixcerue’, puHancupan ot boup ,Hayunu uscneasanus“ Ha MOH mo mgorosop

No 10-02-275 (2008 2. — 2012 2.)

CTpykTypa Ha CHABPKAHUETO

Jlucepranusra ce ChCTOU OT 5 TJIaBU, YBO/, 3aKJII0UEHNE, U CIUCHK HA IUTHPAHATA JINTEPATYPA.

B Yeo00a ca mocoueHu Temara, 06eKTa U MpeAMeETa Ha JUCEPTAIIMOHHUS TPY/, KAaKTO U BOZEIIaTa
xumnoTe3a. OmmcaHa € HAKpaTKO aKTyaJIHOCTTa Ha TeMara W MOTHBAIUATa 3a HU3BBPIIBaHE Ha
JIUCEPTAIIIOHHOTO M3cieABaHe. [locTaBeHa e 1eJiTa U METOJIOJIOTHATa Ha M3CJIe/loBaTesickaTa pabora,
KaKTO U 33/1aUKTe, Upe3 KOUTO TA J1a O'b/ie OCTUTHATA.

I'nasa 1 e mocBeTeHAa Ha CBHIIECTBYBAIlM METOAM 3a pa3paboTBaHe HaA YeWBJIETHH U
MyJaTAyenBaeTHH (GuaThbpHu OaHku. Tsd BRIIOYBA Teopus Ha Oa3ucHU (YHKIIUM 32 TOJUHOMHU,
CIUIaiHU, CIIEKTPAJIHO pasJjaraHe, U MOCTPOSABAaHE HA CKaJIapHU (BEKTOPHU) GUITHPHU OAHKHU.

B I'nasa 2 ce pazpaboTBaT Tpyu METO/Ia 3a MTOCTPOSIBAaHE HA MaI[abHUpaIIi U MyJITUMAaIa0upaniu
(YHKIIUM OT MOJIMHOMU WIN CIUIAH QYHKIIUU — Memo0 HA CMAHA Ha ba3uca, dupexmeH memood, 1
Memo0 HA cKanapHomo npoussedeHue.

I'nasa 3 omnucBa ChHINECTBYBAlllU METOAM 3a CIEKTpPaJo pasjaraHe. Pa3paboTeHO e
33/bJDKUTEIHO YCJIOBHE Ha IJIAJIKOCT HAa MpOUW3BeZeHHe Ha MaTpuueH ¢uiarehp. Paspaborena e
Mamabupamara gyHkmus Ha /[obemu 4 mo meTon Ha KopeHH Ha mosmmHoMuTe. OmmcaHa e 6a3oBa

Teopusd 32 Metozia Ha bayep. PazpaboTeHo e nmpousBesieHneTO HA PUITHP HA AJTIEDPT.
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B I'nasa 4 ce pazpaboTBaT anropuTMu 3a 6bp3 MeTo1 Ha bayep u pemaBaHe UM € TPH YUCJIEHHU
MeTo/ia. 3a TasW IeJ ca pa3paboTeHn Aa2opumsm 1 U 2 U ca TOCTPOEHU AJIMEPT OPTOTOHATHA
MyJITUUITHPHU OAHKH.
I'nasa 5 e mocBeTeHa Ha:
(1) CpaBHHUTENIEH aHAJIW3 Ha YETHPHUTE METO/Ia 3a pa3dpaboTBaHe Ha MalmabuWpaliyd u
MyJsTEMamabupamy GyHKIUM, Ha MeToauTe Ha Bayep 3a mamabupamu (QyHKIIMH Ha
Xaap, [lobemmu 4, u MysTEMaIabuparia GyHKIUs Ha AJIepr;
(2) EkcnepuMeHTAJIHO UW3cjenBaHe Ha OBp3uUs W ToueH Mero], Ha bayep 3a
Marabuparnure GyHKIUN Ha Xaap u Jloberu 4;
(3) UscimenBane Ha TouHHsA MeroZ; Ha BMDB upe3 mpuwiarane Ha Asaz2opumosm 2 3a
CKaJIapeH U IIeCT MaTPUYHU ITOJTMHOMU;
(4) Uscnenpane Ha TouHus Mero, Ha BMB upe3 u3smnosi3aBaHe Ha BrpajJieHH cOPTyepHU
dyHKIIMKU 3a celeM IpUMeEpa;
(5) PaspaborBane Ha JsudTUr cxemMa Ha (WITBP Ha AJlepT B OPTOrOHAJIHA
MyJITHQUITHPHA OaHKa 3a aHAJIN3 U Bb3CTAHOBSBsSIHE HA N300pa’keHUe ¢ HUBO HA CHUBO C
pas3IMuHO KBaHTyBaHe Ha Koeduiwenta V3. HanpaBeH e cpaBHHUTeNEH aHAIM3 Ha 3
OPTOTOHATHU MYJITUGUITHPHU OaHKU 3a 00e3lIyMsBaHe Ha M300pakeHUs C HUBO Ha
CHUBO C pa3mep 256x256 U 512x512 MUKcesa U aauTuBeH Osu1 [aycoB mym (ABI'II) c
nucnepcus (o = 10, 20);
(6) CpaBHHUTEIEH aHAIN3 HA OPTOTOHAIHU CKAJIADHU U BEKTOPHU (PUIITPU 32 KOMIIPECHS

Ha N300pakeHus OT CKaHUPaHU GoTorpadCKu IIaKHU.
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I'VIABA 1
IIPEIJIE/I 1 AHAJIU3 HA METOJUTE 3A IIOCTPOABAHE HA YEWBJIETHU U
MYJITUYENBJ/IETHU ®WITHPHU BAHKHU

1.1 BbBeaenue

B Teopus 3a obpaboTka Ha cuUTHaIH, yelByieTH (wavelets) ce HapuwyaT OBP30 3aTHXBAIIHN
yHKIIUM BBB BpEMETO, WM HAKPATKO - OBpP30 3aTHXBAIld BBIHUYKHA. Upe3 MaTeMaTHYECKHUTE
omeparuu, TpaHcaarus (translation) u cBuBaBane/pasmupsiBade (dilation), Te oGpasysat (ITbJIHH)
MHOJKECTBO OT u3MepuMu ¢yHIuU [43], [34], mpuTekaBamu cBOWCTBaTa — OPTOTOHAJIHOCT, HYJIEBU
MOMEHTH, KOMIIaKTeH HOCHUTEJI, U TVIaJKOCT. Bhb3HUKBaHETO UM € TIOPOJIEHO OT Bb3MOKHOCTA 32 aHAJIH3
Ha HECTAI[MOHAPHU CUTHAJIU KOETO M3KMCKBAa YeCTOTHATa XapaKTePHCTHKA Ha (QWITHP Jia 3aBUCU OT
BpeMeTo. Te ce uamos3Bar upe3 6a3uc oT GyHKIIMHU 3a ITOCTPOsIBaHe Ha GWITHPHU OAHKU C MaJIbK Opoi
KoeUIIMeHTH, W34Ye3Ballli MOMEHTH ¥ J00pH alnpoKCHMaIMOHHH cBoMcTBa. OrmpenessiHe
€THOBPEMEHHO Ha MPOCTPAHCTBEHUTE W YECTOTHUTE OCOOEHHOCTU 3a JIaJIeH CHTHAJI Ce W3I0JI3Ba 3a
aHaJIU3 Ha JIOKAJIHU KPAaTKOBPEMEHHHM CUTHAJIM - CUTHAJIA C IIMKOBE, OTCHhCTBHE Ha CHUTHAJI,
MIPEeKbCBAHUsA HA CHUTHAJI, CTHIIAJIOBUAHYN CUTHAIU U T.H. Te3u YHHKAJIHH CBOMCTBA Ha YEeHUBJIETUTE TH
MpaBU MPEeJIIOYUTAHU TIpes TpaHchopmanuaTa ¢ Pypue GyHKIIUN U IPUBJIEKATETHU 32 KOMITpECHUsl Ha
curHasnu [3], 3a ukonomukara [1], [2], [6], [7], npu ob6paboTka Ha roBop [13], u3obpaskenus [4], [5],
XpaHUTEJIHO BKycOBa MpoOMHUIIIeHOCT [8] u zp.

BaskeH BUT MyJITUGWITPU ca UHTEPIIOJIUPAIIUTE, YUUTO KOEPUIIMEHTH ca TOUHO JTUCKPETHUTE
CTOMHOCTM Ha BXOAHHS CcuUTHaju. TexeH HeJOCTaThbK €, 4e He MoraT nga ObjaT
CUMETPUYHN/aCUMETPUYHH.

Baken Buj ca 6asaHcupaHuTe MyITUGUITPU U 110 — HOBUTE ‘apmaem’ (armlet) mynTuyeiBiaeT
[40], [96], [97], [99], [100], [101], [127], [136].

JIpyr THO MyJTHyeHBaAeTHH (DUATHPHU OAaHKU ca OHOPTOTOHAJIHUTE ChABPIKAIIM OCHOBHH U
nyanau myatuduirrpu [64], [145].

['7aBHO MpeUMCTBO HA MYJITU(GWIThPHATA TEOPUS € OCUTOPSIBaHE Bbh3CTAaHOBSIBAaHE HA CUTHAII
(3a cMeTKa Ha OPTOTOHAIHOCTA), M0Opa epeKTUBHOCT (3a CMETKa Ha IJIAJKOCTA), U BUCOKa CTEIEeH Ha
anmpokcumarnus (3a cMeTka Ha roJjisiM Opoul HysieBu MoMeHTH) [57], [130]. CumeTpusTa Ha PyHKIIUUTE
II03BOJIsIBA CHMETPUYHO Pa3IINPsABAHE IPAHUIINTE Ha CUTHAIH. OPTOTOHATHOCTA BOJIM 10 HE3aBUCUMU
mozieHTH (subbands). M3ue3Bainyu MOMEHTH OT IIO—BUCOKA CTEIEH BOJU JI0 IIPE/ICTaBsAHE HA ITOJTMHOMHM
OT ITO—BUCOKa CTeleH C MOo—MaJrbK Opoll KoedumueHTH. Te3u CBOMCTBA JaBaT I'bBKABOCT JIMHEHHU
IIPOCTPAHCTBA TPHU IOCTPOsIBaHE HA YACTHUYHO JIMHEEeH MOJMHOM (piecewise polynomial), Hanpumep
opToroHasiHara Xaap GuiaTbpHa OaHKA C KOMIIAaKTHA OCHOBa [49]. Pa3mumpsaBaHeTo Ha TaKOBa JIMHEWHO
MMPOCTPAHCTBO C TOJUHOMHU OT IIO—BHCOKA CTENEH BOJAM J0 MPOCTPAHCTBO OT YACTUYHO JIMHEHHH
MOJITHOMU Ha N-CTEIEH C IeJIOYNCIIEHN Bb3JIM U OpTOroHasieH 0a3uc. TakoBa € mMpoCTPaHCTBOTO OT n—
crernieHHH JIesKaHbp YaCTUYHO JIUHEHHU MMOJIMHOMH U TEXHUTE I[€JIOUNCIEHN TPAHC/IAl[UU B HHTEPBAI

[-1,1]. Te ca n3mon3BaHu 3a pellaBaHe HA UHTeTpayHU ypaBHeHus, OY, YUY, u B yucjieHusa aHAIU3

(471, [45].
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1.2. Teopus Ha ciuiaiiau u JlexkaHABP MOITUHOMHU
1.2.1 CivraitH GyHKIUUu
Hymara "cnaaiin" ce cBbp3Ba € alPOKCUMALNSA Ha TVIAIKY, YACTUYHO - IMHEWHU MOJIMHOMUTHU
¢yaknuu. Ta e usnonsBana 3a mbpBU BT OT IlIvoHbepr (Schoenberg) B [123]. I'maBHara unes e
BBb3HMHAJIA B aBUAIMOHHaTa ¥ KopabocTpoutenHara mpomunuieHocT oT Robin Forrest kato
"eensbapHux uau masaxcko cmas (lofting)" [21], 3amoTO € M3MON3BaHA 3a IIOCTPOsSIBAaHE HA
caMoJIeTHH IIa0JIOHU Ype3 MOCTaBsIHE HA THhHKU JbPBEHU JbCKH IPe3 TOYKHU IOCTaBEeHU Ha I10/1a Ha

TOJISIMO JTM3aWHEPCKO TaBaHCKO MoMelneHue, Gur.1.1.

®ur.1.1 [Tpumep 3a crnaiia (MoHTHpaHe HAa ThHKA TbPBEHA THCKA IIPE3 TOUKH)

Ot r1egHAa TOYKA HA MaTEMATUKATa, ‘CnaaiiH’ e uacmuuHo AuHelina (piecewise linear) pyHkIusA
CHCTOSINA Ce OT MOJMHOMHATHU QYHKIMHU YHATO IJIAJAKOCT 3aBHCU OT Opos mpousBojgHU. Ilo—o61o,
cnaaiii e MHOXKECTBO OT BCHYKH YaCTH Ha IIOJIMHOM C OIIPeZIeIEH YCJIOBHSA 3a TJIAIKOCT HEOOXOIUM 32
IIOCTPOSIBAHETO HAa (YHKIUA B WHTEpPBaI [a, b]. CrlalilHM ¢ TTOJTMHOMH OT HUCKA CTENeH ce HapudaT
YaCcmMu4HoO-AUHellHU W ca M3I0J3BAaHU KaTo mHTepronaupamu GyHknuu. CIutailH GyHKIUA OT TpeTa
creneH ca KyowuHute EpMHHOBU CIUIaliH (QYHKIMH KOWTO Ca 4YeCTO W3MOJ3BaHU mopagu C2
HENPEKbCHATOCT HA (PYHKIIMUTE MPEMUHABAIIY IIPE3 IBE TOUYKU ChC 33/1a/IEHU ITPOU3BOTHHU.
1.2.1.1 /IuneeH B - ciuvtavin (bynxnusa “Illanka’)

JluneitnuaT B — crutaiin (ChKpaTeHO OT Oa3UCeH CIUIANH) ¢ KoehUunuenT a u b

L(t)=at+D. (1.1)
BOJY JI0 TIOCTPOSIBAHE Ha YacTUUYHO ynHeWHaTa ¢yHruua “Illanka” (Hat). Ta HaBcsAKbIEe € HyseBa ¢
M3KJIIOUEeHHe Ha TsACHATa CH OCHOBa (HOCUTEN) U CpeHaTa Touka 1. V3mosi3Ba ce KaTo JIMHEEH
WHTEPIIOJIAHT U/ KpaeH eleMeHT. Mamabupariata GyHknusa ot ¢yHknuara “Illanka” ce CbCTOU OT

Tpu Koedurmenta hy,h,h, ¢ paBHOOTZaNIMYeHN BB3/IM Ha PA3CTOAHUE U ce OIHCBA C JBYMAam[abHOTO

ypaBHEHUE:
o(t) =h,p(2t) + hp(2t -1) +h,p(2t -2) . (1.2)

1.2.1.2 Kyouuen EpMuTOB cruiaitH
EpmuToBuTe CriiaitHu QyHKIMA IPUHAJJIEKAT KbM Kjaac oT Hemrbauu (defective) W) cruraitnm.

Haii — decto u3moyi3BaH € KyOWYHUS CIUJIAHH CBCTOSIIN C€ OT IOJIMHOM Ha CTeNeH < 3 C JIBe

HEIIPEKBbCHATU ITPONU3BOJAHHN 3a BCCKU IIOJJUHTEPBAJI U IIPpUTEXKABA:

(A) Pagnukara MexAy CTEIeHTa Ha CIUIAMH M Heropara IJIAJKOCT ce Hapuya dedekm Ha CnAailH.
Hanpuwmep, yacTuyHO JMHENTHA HepeKbcHaTa GyHKINA (HelHaTa rpadHKa € MHOTOBI'BJIHA JIMHUA) € CIUIAHH OT
CTeIleH eZ[HO ¢ edeKT 1.
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- HenpexscHaTocT Ha Bb3en C?;

- MuHHUMaJTHA KpHMBA 3a N YaCTUYHO - JIMHEWHU KyOUUYHU QYHKIUU 32 N+3 TOUKH ;

- JlecHO oImpezie/isAHe Ha TIO3UIUSATA ¥ IPOU3BOTHUTE B HAYAJTHUTE U KPAHHUTE TOUKU;

- JTob6pa 11aIkocT ¢ MaTbK OpOM omepaIuy;

Ky6uunusar EpmutoB craiia (KEC) ce u3mnos3Ba 3a HHTEPIIOJIAIUSA ¢ HEIPEKHCHATH IIbPBHU U
(BB3MOKHO TpeKbCHATa) BTOpa IMPOM3BOJHA HA BB3JIUTE, 32 WHTEPIOJHPAIIA U OHOPTOTOHATHU
MyaTHyerBiaeTH GuarbpHU 6aHKH. KEC e mosTmHOM OT TpeTa cTeneH

H(t) =at® +bt* +ct+d,

3a JIBe KpallHU TOYKH W IPOU3BOAHU (WM TaHTeHTH) B Te3W TOYKH. CermeHT B 1D e mokasaH Ha
¢dwur.1.2(a) u 3D Ha Pur. 1.2(6). ToBa e exkBHBaJIETHO HA HHTEPIIOJANMA HA JBE TOUKU Ype3
rmapamMeTpuYHa KyOUUYHa KpHBa:

HO) =P, H'(0)=v, )

HO=p, HO=V,
KBJETO Po U P: Ca KPAWHUTE TOYKH, Vo, V; Ca IPOUZBOJHUTE HA (PYKIUATA B TOUKUTE II0 KOCHHYC
HaIpaBJIeHHE.

Mystumarabuparniata QyHKIOUS Ha KyOudueH EpMUTOB cItaiiH ce ompeziesiss OT YeTHPHU

maTpuunu koedpunuentu C,,C,,C,,C,

%] _[P,
40 [,

U MOJKe Jla Ce M3IMO0JI3Ba KaTO KpaeH eJIEeMeHT C (2r—1) cTeleH YacTHYHO-JIMHEWHU MOJTMHOMH U (1r—1)

D(t) = ~[c,+czt+Cz?+Cz]

HeIpeKbCHATH MPOU3BOJHMU.

A

l){ ) l} I

(a) ) #

®ur. 1.2 Kyouunu EpmurtoBu kpusy; (a) CerMeHT ¢bC OTpaHUYEHUA: KPAHU TOYKU
P,»P, ¥ TaHTeHTHU (IPOU3BOAHU) V,,V,; (0) OnpezesdHe Ha KpallHUTE TOYKU U TEXHUTE
IIPOU3BOJTHU;
1.2.2 JIe:KkaHabp MOJIUHOMU
JlexkaHbp MOIMHOMHUTE ca IOJIMHOMH 0 t-cTemeH, T.e. 1,t,---,t' 1 3a unTepBai [-1,1] o6pasysar

HEOPTOrOHaJIEH 6asuc:
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4.0 =T+ 2P 0. (1.4)

KBJETO:
I:)o (t) =1,

P(t)=t,

=123, .
P, (1 =%(3t2 -1) e (-5

(m +1) I:)m+1 (t) = (2m +1)[Pm (t) - mpm—l (t)

Baxkuo IIPpUJIOKEHHUE Ha ﬂemaH/:rbp IIOJINMHOMHUTE € BbBb3IPOU3BEKIAAHETO HaA IIOJIMHOMH.

HaanMep, €IHOYJIEHUA ITOJIMHOM X2 Ce IIPECTaBA C IbPBUTE TPU .He}KaH,ZI’I:p IIOJIMHOMM:

X’ :Copo(t)+C1P1(t)+C2P2 (t) (1.6)
1
KBb/IeTO KoeHIIUeHTHTe ca C, = 3 c,=0,uc,= 3

Jlpyro Ba)KHU MPUJIOKEHUS ca B MYJITUyeHBJIETHATa TEOPUS 32 UHTEPBAT [0,1] KbAETO AnepT

3a IPBB IIBT € IOCTPOMJI OPTOTOHAIHA MyJITHMaIabupama (QyHKIHUSA OT IbpBUTE ABa JIexkaHABD

nosuuoma By (t) u P(t):

e L (RO 1
CI)(t)_|:(D1:|—|:CO+Clz j|_|:P1(t):|_|:\/§(2t—1):|’ (17)

xkpgero C, u C, ca 2x2 MaTpUYHU KOe(PUIIUEHTH.

1.3. Teopusa Ha ckaJIapHU ¥ BEKTOPHU (PWITHPHU OAHKHA
1.3.1 CkapastHu pUITBpHU OAaHKU
1.3.1.1 O01ma reopus

O6ma crpykrypa Ha M—kaHaymHa QuiaThpHA OaHKa e mokazaHa Ha ur.1.3. OuiTbpHU 6AHKH
CBHCTOSIIII Ce OT Mamabupamy ¥ yelBenTHH (QYHKIUMU ce Hapuya OJuckpemHa yelignemHa
mpaHcgopmayus (AYT).

3a ompocTsABaHe Ha BXOJAHO — H3XO/AHATa Bpb3Ka Ha QuiIThpHaTa 0aHKa e pasIvieJlaHa 2-
KaHaTHA GUIThpHA OaHKA. 32 BXOJIeH CUTHAJ X(n) TA ce OIMICBa Ype3 MATPUIHOTO YPaBHEHUE:

@) =3 [H@F@+ H @OF,@] XO+5[H RO+ H IR@] XCD) o

=T(2)X(2)+S(2)X(-2)
KOETO B ManquH BU/ €:

SORLORLIO Hsaiond Il

H.(z) H,(-2) ]| X(-2)
ITpoussenenuero H,(2)F,(2) ce mapuua npoussedeHue Ha cxarapen (mampuuex) guamsp

(scalar (matrix) product filter), moyiyJIeHTOB WX aBTOKOpeyanvioHeH GuiThbp. TakbB GUITHD € B
OCHOBAaTa 3a HaMHUpaHE Ype3 CIEKTPAJHO pasjlaraHe Ha MamabWpaiyd Wi MyJITHMalnabupariu
byukuuu. OT IeAHA TOYKA HA MareMaThkara ToBa e napa—Epmumoe ckarapen (mampuuen)

no/AUHOM.
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o L1627 B BN S E ----- NEST | Fiz)
&
e 81E3] = PR T = ol S EEY, o Fiz)
x(n)
e REIC] S R2TAN e IS e R »| Fiz)
- : E -
. . 2 .
&
S R L BT » g o A M5, (2]
-—— —
AHamH3HpaIma BbscraHopsBaIa
{HITEpHA DaHKa jHTTEpHa DaHKa

®ur.1.3. Ctpykrypa Ha M — KaHa/IHA cKajlapHa GUIThbpHA OaHKA

1.3.1.2 ITocTposiBaHe HA MaIAGHPAaIIH ¥ YeHBJIeTHA (PYHKIMH Ype3 mapaMeThbp
[TocTposiBaHETO Ha OPTOTOHAJIHU QUITHPHU OaHKH Upe3 IMapaMeThp € U3caeaBaHo B [86], [129],

[139]. To ce cbeToM OT TTPOMBBEAEHUSA OT YHUTAPHU MaTPUITU:
L1" cosg  sing (1 O cosg,  sing
H.@)=T] . . o N (1.9)
io\—sing cosg \0 z —sing_  cosg,

kpzero ¢ €[0,27] u ¢ [0, 7], uudaro crpykrypa ce Hapuua pewemsuna cmpyxmypa (lattice structure).

Jlpyra CTpyKTypa Ha OpTOTOHajTHa GUITHpHA OaHKA Ype3 MmapaMeTbp KOATO BOJAU /0 JAUPEKTHO
oJIy4aBaHe Ha Koe(pUIIEeHTUTE Ha MamabupaIiy u yeluBieTHH GUiITpu e

npejioxkeHara B [86]:

K KT T

C, d, COS¢,

¢ df cos :

ool h cosg, —sing

c, d, |= | ® R(¢y) T 3a K>2 (1.10)
sing, COS¢,

COS¢,
[ons A L cos¢ |

kbeTo | e emmHMYHA MaTpuI@a, U paszpaboTeHa OT aBTOpa YHHUBEPCATHO pasjiaraHe Ha YHUTApHA

cosa Sina
Marpuia uypes marpuna Ha Ikoou J(a) = Sing - cosa B [87]:
cos¢ sing
R(#)=| . =J(2)I(B). (1.11)
—sing cos¢

KbJeTo [ —a =¢mod 27 . ToBa e eKBUBaJIEHTHO Ha pa3JlaTaHeTO C TPUAHATOHATHN MATPHUIH:

R(g) = | - A@B@A @ _

; Q (1.12)
0 sln2 1 Zcosé -0¢ 1 y
1 —cosg 0 1 SmE _COSE

=1-+2

HpeILI/IMCTBO Ha IIpejioKEHaTa IIapaMeTpu3alusd ¢©W pas3jlaraHeTo Ha TPWBIbJIHK MAaTpunu €

BB3MOXKHOCTA 32 Xap/yepHa peanusanus upe3 JudTuHr cxemara. ABropa B [87], [88] e mocTpoun
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OPTOTOHATHU MyJITHUMAIadupanu 1 MyJITHyeHBJIeTHN (PYHKINU Ha 6a3aTa HA TOPHUTE CTPYKTYPHU U

OPTOTOHATHU MaIabupaIiy U yeHBJIeTHU IpeMecTeHU (PYHKITUT

¢o (t) = ¢o (t)
¢1(t) = ¢0 (t - 2)

[TIpumepu 3a mpuiaraHe Ha CTPYKTypaTa 3a JUPEKTHO IOJlydyaBaHe HA KoebUIMEHTHTE Ha

(1.13)

Mamabupany 1 yeiBiaeTHH GUITPH ca okasaHu 3a Xaap u [obemyu duirbpHa 6aHKU.

1.3.1.3 CBolicTBa Ha MaIAGHpPaNIN ¥ yeBJIeTHU (PyHKIUN

ITo — BaskHU CBOMCTBA Ha Mamabupanure u yelBieTHUTe QYyHKIIUH Ca:

Y/
0'0

3a medpuHMpaHe Ha CUTHAJIM BHB BpeMeHHaTa obJacT ce u3nos3Ba GyHkirra 6(t) 1 KOMILUIEKCHU
CHHYCOHU/I B YECTOTHATA.

Ipunyun na Xaiizenbepe (npunyun Ha HeonpedeneHocm (Uncertainty)) - OTKPUT e 32 IbPBU
BT Mpe3 1927T. OT HeMcKus ¢usuk BepHep XaiizeHOepr B KBAaHTOBaTa MEXaHUKA KaTO BpeMe—
yectoTeH aHamu3 [67]. Toii riacu, ye eTHOBPEMEHHOTO OIpEZesIsTHE MECTOIIOJIOKEHHETO Ha

1
q)YHKI_[I/IH II0 BpeéMe M 4eCTOTa € HECbBMECTHMO U TAXHOTO IIPOU3BEJCHUE € < 4— . AKko curmai
T

f(t) e c equHUYHA eHeprus I f?(t)dt =1 B mpocrpancrBoTo L2, ToraBa f*(t)m ‘F 2(f )‘ZMOI‘aT

-0
Aa 6’b,[[aT pasmiexJgaHu KaTO IIBTHOCTHH BEPOATHOCTH, a IIPOU3BEAECHHETO HA TEXHUTE

JIACTIEPCHH O; U 0| KaTo MspKa Ha 06XBara e:

O'fO't2 2 %
(47)

CmpwesmHocm (Flatness) - ToBa cBOHCTBO OIIpeiesis Bb3MOKHOCTA 3a Obp3 IIPEX0/T Ha YeCTOTHA
XapaKTepPUCTHKA OT JIEHTaTa Ha MPOIyCKaHe KbM JIEHTaTa Ha HempolyckaHe. ToBa BOAM KbM
MHHUMAaJTHA TPEX0/IHa XapaKTePUCTUKA KaTO U/eaTHUA CIydai € O.
Cumempuurocm - ®yukiusTa f(x) e CMHMEeTpUYHA OKOJIO TOYKA a aKO

fla+x)=fla-x) (1.14)
¥ aCUMETPHUYHA aKO

fla+x)=—fla—x). (1.15)
H3ueszsawu momenmu (vanishing moments) — YeiiBjieTHa GYHKIUA ¢ N-U349e3BAIl MOMEHTHU

YAOBJIETBOPABA YCJIOBUETO:
jﬂwamt:osaosk<n. (1.16)

" € OPTOTOHa/IHA Ha N—1 CTeIIE€H IIOJIMHOMU.

1.3.1.4 Kparnomamaoen anaiaus (KMA) [153]

KirouoBo moHATHE B yeWBJIeTHaTa TeOPHs € BJOKeHaTa (BMecCTeHaTa) CTPYKTypa HapeudeHa

kpamHomawaben avaruz (KMA) wiu mHoeomawaber anaau3z (MMA) (multiresolution analysis

(MRA)) cberosia ce OT 1o — rpyou u o — GUHHU NpocTpaHcTBa Vi:

...CV,CV,CV,C..., € L¥R)
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« Ilo - epy60 IpOCTPAHCTBO Ilo-¢puHHo IPOCTPaHCTBO —
KMA npuTexaBa cIeJHUTE CTBOICTBA:

1. Mawabupare (Scaling) - 3a BCsKO J,
¢ynknusra f(t) eV, enuncreeno ako f(2t) eV, ;

2. O6edunenue (Inclusion) - 3a BCAKO j € B cuja

VeV,

]

3. ITeanoma (Completeness) - O6eHEHHETO HA MTOAIIPOCTPAHCTBATA Vj ’S e INTBTHO B L2:

closures| JV, ¢ =L*(R);

jeZ

4. Ynuxaaxnocm (Uniqueness) — IloampocrpaHcTBaTa V}. He ce IIpecuyar:

AV, ;={0}.

jeZ

R0
%

CiienmoBatesiHo, pasyaraHero Ha pynknus f(t) Ha mamabupainy u yelBieTHH KoedUIIMEHTH 32 HUBO

] ce ommcBa ¢ ypaBHEHHETO:

N —

(=3 hpt-m+> S g, Oy t-n). (117)

j=1 n=0

LN

>

1.3.2 PagpaGoTBaHe HAa MOAY/IM 0€3 MHOKHUTEJI 3a CKaJlapHa (PpUIThpHA GaHKaA
HoBa apxutekTypa Ha 5/3 GuiaThpHa 6AaHKA CHCTOSAIIA CE OT ABTOPCKHU MOOYAU 6e3 MHOMcUMen
(multiplierless modules) e paspaborena B [85]. Bceku Mozayn (3a aHa/u3 U 3a BH3CTAHOBSBSHE)

CBhIBPIKAT JIBE IpOTpaMupyeMu 3akbcHeHus1 (D™ u D), 3 peructpu (R), u 1 cymarop (¢wur.1.4).

input _;R_»an _,R_,|Dm|_’|R|
output1<].> output2

v

®ur.1.4 ABTOpcka 00111a CTPYKTypa Ha ckajapHa GpuiTbpHA OaHKa

1.3.3 BexkTopau puiarspHu 6anku (Myntuduirpu)
1.3.2.1 Oouia reopus

BekxtopHute puiThpHEu (MyITHGUITHPHN) OAHKU CE CHCTOAT OT YETHPHU MYJITU(GUWITHPA, BA 32
aHaIM3 W JBa 3a Bb3cTaHOBsiBaHe (cuHTe3). Te ca 0000IIeHHE HA CKaJapHU YeHUBJIETHU (PUITHPHU
0aHKU THHU KaTO ce ChCTOAT 0T r—mamabupamu @ = [do, ¢y, ... , ¢-]T u r-yeitBnerau bwrrpu W = [y, @
1 - » W ]T IpUTEXKABAIIM €THOBPEMEHHO CBOICTBATA - OPTOTOHAIIHOCT, CUMETPHs, KOMIIAKTHA OCHOBA,
u n3uesBamy MomeHTu.IIpumep 3a BykaHaHA MyaITUGWITHPHA O0aHKA e mokasaHa ¢wur. 1.5. [71aBHa

0COOEHHOCT Ha MYJITU(DUIITPUTE € HEOOXOAUMOCTA OT 8eKMOPU3AUUS HA BXOTHUS CUTHAJI.
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H@E y2 9442 HG@EH
X(z) 3 “_}(Z)
+
H@DHE y2 423762 }

\/\/

AHamHzEparna BricTaHoRsRAallla
dunTLpHa Gamia tHNITEpHa GaHKa

®ur. 1.5 /IBykaHaHa MyJITHQUITHPHA OaHKa

HoH, | Holly | HiGo | HoG,
HH HZ
H].HO H].Hl HIGO H}.Gl
GoHo | GoH; | Golo | GoGs
G 7
GHo | G | GiGo | GG
(a) (6)

®ur. 1.6 Pazynarane Ha n300pakeHre HA 1 HUBO upe3; (2) CKaJlapeH /IBYJIEHTOB

H H,, H
(I)HHTBP{G } = [G 0 G l} (4 nooaenmu); (6) aBysieHTOB MyATHDUIATEHD (16 nodaenmur)
0 1

Hait — mpocrara BekTOpHU3aIys € MOBTAPSHETO HAa PEAOBE, HO TOBA YBEJIMYaBa IBOMHO Opos Ha

CTOMHOCTHTE.

Jlpyra BeKTOpU3alus € pas/ie/ITHETO Ha YEeTHH W HEYETHU ITOC/IeI0BATETHOCTH, KOSTO €
ChBMECTHMA ChC CHMETPUYHOTO Pa3IIMpEeHNE Ha BXOJTHUS CUTHAL.

B cpaBHeHMe cbc cKaslapHaTa, OpOsi Ha MOJIyYeHHUTe MOJJIEHTH MPH pasjiaraHe uYpe3 BEeKTOpPHa
dunterpHa 6anka e mo-rosiiM. Hampumep, mpu pazsaraHe Ha u300pa’keHUe 3a €JHO HHUBO 4Ype3
ckasapHa GUIThpHA OaHKa ITOJIydeHUTe MOAJIEHTH (IToau300paskeHus) ca YeTupH, dur. 1.6(a), m1okaTo
3a MyITUQUWITHD ca IecTHazaeceT, ¢gur. 1.6(0).

BeKTOpHa (1)I/IJTI'I)pHa 0aHKa ce OIHCBa C MaTPpUYHOTO YPaBHEHHE:

X0 = [6,0H,@ +6,0H, X (@)
1 (1.18)
+5[Go(z>Ho<—z> +G,@H, (-2 X (-2)

KB/IETO,
X (2) e BXOIHVST BEKTOPEH CUTHAUT,
H, (2) - ca anaymmsupamtu Mmynrudunrpy, r=0,1
G, (2) - ca Bp3cTaHOBABABALTY (CHHTe3HpaIy) MyaTudmITpy, r=0,1

X (2) - u3xomHUSA BEKTOPEH CUTHAJL.
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1.3.2.2 CBoiicTBa HA MyJITHUMAIa0upamara pyHKIua
B ta3u moariiaBa ca pasriefaHu Hall — BaXKHUTE CBOMCTBA 32 MyJITUMAaIabuparia GyHKIu:
A. Bs3npoussexcoare Ha OUCKPeMHU NOAUHOMU
B. Ilpe — u nocm — gurmpayus
C. baaaHcupane
M. Ocnosa Ha myamuguampu
E. Cumempus/anmucumempusn Ha myamumawabupawume u myamuyetigaemuume GgyHkyuu
1.4. Teopusi Ha CIEKTPAJHO pa3jiaraHe
CrekTpasiHaTO pasJjiaraHe e IPOoIleCc Ha OIpejieiiHe HA MUHUMAJIHO (a30oBa PyHKIUA
NpUHAJIeXKaIia Ha P(ej’”) KOHTO e mpousBezeHue ot aBa ¢dakropa H(z), u H*(z) kaTo eAuH OT
TAX TPsAOBa /1a Ob/ie ONIPE/IeJieH, T.€.
P(e')=H(@2)H"(2).
B TeopusTa Ha crieTpasTHOTO pasjiaraHe Hall—BakHa Teopemara Ha ®eiiep—Puc (Fejér-Riesz) 3a
MIOJIOXKUTETHO ompenesieHn (yHKIuu. BakHocTa Ha TPUTOHOMETPUYHUTE IOJIMHOMM JIOIYCKAIU

€TMHCTBEHO ITOJIOJKUTETHU PEATHU CTOMHOCTH IIbpBU 0TOe si3Ba Detiep B [71], a Puc 51 qokassa B [114].

Taka, copen Teopemara Ha Peiiep— Puc TpuroHoMerpudeH noguHom v(z) >0 uz € T:

v(z) = kazk (1.55)

k=—

€ CIIEKTpaJIHO pPa3JI0OXKEH

v(z)=p(2)p"(2) (1.56)

N
Ha crieKTpasieH daktop P(z) = z P, 2" U HeroBma KoMIUIeKCHO—cIperHar Ha P*(z) ¢ KoebHIHeHTH
k=0

YZOBJIETBOPABAIIY PABEHCTBOTO V =V , 3a BCUUKH k. CriekpaaHHUAT HaKTOP e yHUKaJIeH 0 MHOKHUTE

¢ yaurapHa koucranta U(z) [59], [60], T.e.,
Prea(2) = P(U(2) - (1.57)

Teopemara Ha ®eiiep—Puc He pasIyiek/ia CIEKTPaJHO pas3jlaraHe Ha MHOTOIPOMEHJIMBU MOJIUHOMU
([53] 3a xkouTpanpumepu). OT mpakTHYeCKO 3HaueHHe 3a 1D crekTpasiHO passaraHe e Teopema 3.2 B
[121], u 3a 2D e Teopema 6.2 B [53], 1 3a mpon3BoiHA pa3aMepHocT Teopema 3.1 B [121].
1.5 Teopusa Ha 6a3ucHU PYHKIUH OT CIVIAWHU
B nmoariaBara ca pasryienanu pa3paboTaBHETO Ha, JIMHeeH B — crutaiiH, EpMUTOBH CrijlaifH 3a MHTEPBAJI
[0,1], kxyOruen EpMuToB criaiid, u KBUHTUK (Quintic) EpMUTOB crutaiiH.
1.6. PeaysaraTu u ussoau

Ha ocHoBaTa Ha mpejicTaBeHUTe IPo0IeMH aBTOPBT IIpeJiyiara pa3paboTBaHe U pa3lINpPsSBaHE Ha
yelBJIeTHATa U MyJITUyelBJIeTHaTa Teopusa. OT HanpaBeHUsI 0030p cjIe/[Ba, Ye CKaJlapHU WU BEKTOPHU
dunTerpHu 6aHKH MoOTraT /1a ce pa3paboTBar upe3 nmoaunHoMu Ha bepumaiia (Bernstein), Ha Jlexxauawp,
Ha KyOMYeH W KBUHTHK EPMUTOBH MOJMHOMH, KaKTO M UYpe3 JIMHEHHU U KBaJ[paTUUeH B crulaiiHu.

ToBa e pasriienasHo B cienBaiara ['iasa 2.
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IVIABA 2
PASPABOTBAHE HA METOAMN 3A IIOCTPOABAHE HA MAIITIABUPAIIIX U
MYJITUMAIITABHUPAII ®YHKIIUU OT IIOJITMHOMMU U CILJIAMTHI

B Tasu ry1aBa ce pazpaboTBaT TpH MeTO/a 32 JUPEKTHO IIOCTPOsIBaHE HA Malabupariy u
MyJITEMAIadupamy QYHKIIUN KaKTO W TEXHUTE JOIIbJIBAINY YyehBJeTHU(MYJITHYEHBIETHH)
GyHKIMH OT MOJIMHOMHU W CIUIaHHU. TexHWTe MaTPpUYHU KOe(PUIIMEeHTH ca IOJy4eHH OT
JleskaHIbp TIOJIMHOMH, JIMHEEH W KBajpaTHdyeH B—cIUlaiiH, KyOWm4yeH W KBHUHTUK EpMHTOB
CIUTaliH. 3a OIpPOCTsBaHe IIOJlydaBaHETO Ha (YHKIWHU C OCHOBa Mo-ToJisiMa OT [0,1] e
pa3paboTeH aITOPUTHM 3a MPeHapek/IaHe Ha KoepUuIueHTuTe Ha QYHKIIUH C OCHOBA [0,3] HAa
[0,1].

BakHa ocoOeHOCT e, ye 3a pasjiika OT METOJUTE HA CIIEKTPAJIHO pasjiaraHe
(mpencraBenu B [1aBa 3 u 4), Te3W METOAU BOJAT /IO JUPEKTHO IOJIydaBaHe Ha Malabupaniu

WX MyJITAUMAaIabupamu GyHKINH.

2.1 MeToau 3a OCTpOABaHE HA MAaIIa0UpaIyd U MyJITUMAIIA0upamy PyHKIUHU
2.1.1 MeTop upe3 cMAHA Ha 6a3uca

Metoza upe3 cMsAHa Ha 6asuca 3a MOCTpOsBaHE Ha Malabupaiiy Wil MyJITHManabupaiu
GyHKINY ce ChCTOU B IIOCTPOSIBAHE HA Mampuya om koeguyueHmume Ha bazucHume gyHxkyuu. Tsa e

mpousBezieHre Ha Mamabupama ¢(t) win mynrumamaoupama O (t) dbyHkius ¢ HeocobeHHA MaTpUIlA
A, T.e.
ATA=AAT =1.

Hanpuwmep, 3a mystumarabupama pyaknus O (t) ToBa e HoBaTa GyHKIUS:

B(t) = AD(t) =2 AC,D(2t—K). (2.1)

Twii KaTo efMHUYHATA MaTtpuna | = A'A, ToraBa dbynkuusara O(t) e:

d(t)=v2> (AC, A)AD(2t k)

(2.2)
=\2) Ho@t-k)
k

€ C HOBU MaTPUYHH KOe(pUIIEeHTH:
H,=AC,A™ €T. (2.3)
1 ocHoBa supp ®(t) = supp (5(t) . 3a ckanapHa (QYHKIVS HOBUTE CKaJlapHU Koe(HUIINEeHTH ca:
h, = Ah A™. (2.4)

2.1.2 /IlupeKTeH MeToJ,
Merona ce wuspassgBa B IpUpaBHABaHe Ha OasucHata (QyHKIUA ¢ Mamabupamara Wid

MyJaTEMAaIabuparia GyHKIUA 32 OIpesiesieH HHTEPBAJI.
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A) Mamaoupama pyakmusa “Illanxa”
HNuTepBan [0,1]

MarabupaioTo ypaBHEHUE Ce OIIUCBA ¢ TPU KoeHuIlneHTa:
1
d(t) =2 (h0¢(2t) +he(2t - E) +h,g(2t —1)}.

CkanapeH koedumueHr /i,

[IppBUAT KOePUITUEHT JIEKWM B NOAWUHTEPBaI [0,1/4]. Upe3 mnpupaBHABAaHETO Ha

dynkmuaTta ‘Illanka’ ¢ ¢ mamabupamoro ypaBHeHue ¢@(t)=L,(f)=2¢ ce moiydaBa

YPaBHEHUETO:
B(t) =~ 2h,p(2t)
, (2.5)
2t =~/2h,2(21)
YHeTOo pelleHue e 1, = 1
° 22

CkasapeH koeunueHr /i,

Bropusar koedbunueHT JeXU B HOAUHTepBaia [1/4,3/4]. Upe3 mpupaBHABaHETO Ha

dynkuumara ‘Mankd
#(t) = LM =2t
p(2t-1) =L, (2t - %) =2(2t- %)
#(2) = L (2t) = 2 2(21)

¢ MaIabupanioTo ypaBHEHUE
(1) =2 (hp(2t) + hg(2t-1))
2t = \/E(hOLl(Zt) +hL, (2t —%)j

2t :%Ll(zt)+ﬁhlLo(2t—%) (2.6)

2t = %(2— 2(2t)) +~/2h, (2(2t -%))

4t —1=+[2h, (4t -1)
moJiygyaBaMe BTOpHs KoeUIeHT 1, = 1
=R

CxanapeH xkoedunuesr /i,

Tperusar kKoedHUIMEHT JeXU B MOAUHTEpPBana [3/4,1]. Upe3 mnpupaBHSABAHETO Ha

dyukusra ‘[Hlanka’

gt)=L(t)=2-2t
p2t-1)=L2t-1)=2-2(2t-1))

¢ MamabupamnoTo ypaBHEHUE
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#(t) = 2h,¢(2t — 1)
L, (t) = /2h,L, (2t 1)
22t =+/2h,(2-2(2t-1)
=2/2h,(2-2t)
1
PR

2.1.3 MeToa upe3 BHbHIITHOTO CKAJIAPHO IPOU3BEJACHUE

(2.7)

HI0JIyJyaBaMe Tpetus koepunueHt h, =

Memoda upe3 6BHWHOMO CKAAApPHO npouseedeHue W3IOJ3BAa HMHTErpajl Ha CKaJapHU
IIPOM3BEIEHNS B3aBUCUMOCT OT JIeKaluTe 0a3ucHU (pyHKIUU (JIEBU WIH JIECHH) 3a OIpe/iesieH
nHTepBaI. HemocTaThk Ha METO/1a € HeroBaTa U3YHC/TUTETHA CI0KHOCT.

A) Mamaoupama pyakmusa “Illanka”

Mama6wupamara dyuknusa “IIlanka” e c ocHoBa [0, 2]:
#(t)= V2(hp(2t) + h(2t~D) +hg(2t~2)) €T
KBJETO MeXJIy CcKajapHuTe KoedunueHnra, h,, h, u h,cpmecrByBa cienHaTa
3aBUCHMOCT:
> koedunueHt h,sasucu ot h,;
> xoedpunuent h zasucu ot hyu h,;

> koedunueHT h,3asucu ot h, .
3a ynobcTBO MHTepBasa [0,2] ce paszaensa Asa noguHTepBasia [0,1] u [1,2] (dur.2.3(a)) kakTo u
6asucuuTe QyHKIUH ce pasaensat Ha (nesu) u (decnu) (dbur.2.3(6)) :

- (nesu) (otbesnstzanu ¢ L) 3a unrepsan f €[0,1] :

o () = L (1) =t
@ (2t) =2t

(2.8)
p (2t-1) =2t-1
p (2t-2) =2t-2
- (decnu) (otbenszanu ¢ R) 3a unrepsai t €[1,2] :
ROEIROEFE
b2 =2-(2)
(2.9)

g (2t-1) =2-(2t-1)=3-2t

P (2t-2) =2-(2t-2)=4-2t
Bbpxy mamabupaiioro ypaBHenue ¢(t) ce mpuiara AscHO yMHOKeHHe ¢ pyHKiuure ¢(2t),
¢(2t-1), u ¢(2t—2) 3a Bceku ckajmapeH koedunueHt. IIo To3u HauwH ce obpasyBaT TPHU

CKaJIapHU IIPOU3BEAECHUA 3aBUCUMU IIOMENK/Y CH:
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hy— (1), 4(20)

= V2[h,(#(21), (2t)) + h((2t 1), 4(2t)) + h, (#(2t - 2), $(21))]
h, = (4(t), (2t -1))

= V2[hy((21), #(2t — 1))+ h ($(2t - 1), $(2t - 1)) + h, ($(2t - 2), 42t~ 1))]
h, > ((t), ¢(2t - 2))

=42 [h0<¢(2t), #(2t—2)) + h(p(2t 1), p(2t — 2)) + h,(#(2t — 2), (2t - 2))]

Toit kato @(2t—2) He nexxu B uHTepBaia Ha [0,1](dur. 2.1(a)), ToraBa ¢(2t—2)=0 wu

(2.10)

CKaJIapHOTO IIpOU3BEI€HHE
(#(2t-2),¢(21)) =0.

IMomobHo, dyukiuaTa @(2t) He Jsexxku B umHTepBania Ha [1,2], #(2t) =0 (dur. 2.1(a)) wu

CKaJIAapHOTO IIPOU3BECHUE:

(#(20), ¢(2t-2))=0.
LONN

9(21)

(a)

PLQ’ D g2

p.
i¢R<2’) ! @zr—z)
1

0 1 3 p
2

90 X0

®wur. 2.1 Mamabupama ¢pyuaknus “Illanxa” (a) JInHelHus CIUIaiiH pas/iesieH Ha (s1e6u)

¢R(2, i 2)

¢, (t) u (decru) ¢, (t) (6) bazucuu dynkuum paszaesnenu Ha (esu) ¢, (t) u (decnu) ¢, (t)

@, (2t — o) (6 uepHO) U fecHU @, (2t — o) (B uepseHo);
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CIIe)_IOBaTeJ'IHO, HEU3BECTHUTE Koe(l)I/II_[I/IeHTI/I Ce ImoJsiy4yaBaT OT cucreMara:

qgr 0
[a, b, cl=+2[h, h, hlr q r (2.11)
0 r g

KBbJIETO
a={p(),p(2)) = j o, (Do, (2t)dt + j o, (Do, (2t)dt = j t(2t)dt + j t(2-2t)dt ==

3 3

5
b =(p(t), p(2t-1)) j o, (O, (2t -1)dt + I¢R(t)¢R(2t 1dt = jt(zt 1)dt + j (2-H@E-Ddt=—

2

olw NI

c=(p(t),p(2t—2))= j(2—t)(2t —2)dt +j(2—t)(4t -2)dt==

< (), 0(t)) = [ [o e (t)dt+ j ?r (D9, (t)dt]
q= <<o(2t) p(2t))= [] oL (2)p (2t-D)dt+ j 0r (20 (2t - 1)dt] ;

q= <<o(2t 1), p(2t-1)) = (j o (2t-Dg, (2t-1)dt+ J P (2t ~1) g (2t - 1)dt]

OOIH

<(p(2t 2),p(2t-2)) = UgoL(zt 2)p, (2t —1)dt + j 9e (2t —2) 5 (2t — 1)dt] ;

= (p(20), p(2t-1)) = (p(2t=1), p(20)) = [ g (20 (2t —Ddlt = [(2—-2t)(2t L)t = %

=(p(2t-1),p(2t-2)) =(p(2t-2), p(2t 1)) = TgoR (2t-D g, (2t -2)dt = i(3—2t)(2t —-2)dt=—

Pemenue Ha cucremara (2.11) ca TpUTe CKaJlapHU KOoe(UIIHEHTA:

111 5 1 1 a0 1 1 1
[h7 ' h]:—|:—, A _i| 1 41 :|:_1 It _:|
"hlZ\/§412412014 22 2 282
2.2 MeToau 3a MOCTPOsIBAaHE HA YEHBJIETHHU Y MYJITHYEUBJIETHU (DyHKITUH

MeroauTe 3a MOCTPOsSBAaHE HA MallabWpaIy U MyJaTUMaIabupanute GyHKINH ce U3I0JI3BaT
Yype3 3aMecTBaHe Ha 6a3vcHUTE QYHKIIUU B:

v () =23 Gyp(2t—N) T

(2.12)

3a IOCTPOSIBAHE HA YeUBJIETHU U MYJITUYENBIeTHU (QDYyHKIUU.
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3a MOCTposiBaHe HA OPTOTOHAJIHA MYJITUYHBJIETHA (PYHKUIHA € HeoOXOAMMO IIpeIBapUTETHO
ompenesieHn 0a3ucHU (PYHKIMM OPTOTOHAJIHHM HA Mamabupamarta WIiH MyJITHMalabupanara
¢ynknua. Taxus npumep e GUITHP Ha AJTepT.

3a HeOpTOroHaJIHA MYJITHyHBJIeTHA GUITHpHA OaHKa 6asucHUTE PYHKIUU ca OHOPTOrOHAIHU
Ha MysiTuMaabupamara ¢yHkiusa. Takua npuMepu ca KyOMYHUA U KBUHTUK B — cIUIalfiH.
2.3 Pe3ysaratu u ussoau

IIpencraBenute B Inaea 2 pe3ynATaTH ca CJe/CTBHE HA U3II'bJIHEHUETO HA W3CJIe[0BaTeICKU
3a71auu 2 U 3 Ha AucepranuaTa. Onucanu ca pa3pabOTBAHETO HA TPU METO/IA 32 JUPEKTHO MOCTPOSIBAHE
Ha Mamabupaiy u MyaTuManiabupany GyHKIun ¢ koepurueHTy oT JIexxanapp MOJIMHOMU, TUHEEH U

KBaJipaTuyeH B — criaiiau, KyOuueH v KBUHTHK EpMUTOB crtaiHu.

Hayunu pe3ysraTu, NOJyUYeHHU IPU U3I'bJIHEHNE HA 3ajjaya 2 U 3:
1. PazpaboTeHu ca Tpu MeTo/a 3a AUPEKTHO IOJydYaBaHe HA CKAJIAPHU U BEKTOPHU (PYHKIIVIN:
MeToJl uype3 cMsHa Ha 6asuca [T. 2.1], qupekteH MeToA [T. 2.2], U MeTOA Ype3 BBHHIIHOTO

CKaJIapHO Mpou3BeJieHue [T. 2.3].

HayyHO—IIpWIOKHU PE3yJITATH MOJYYEHHU IIPU U3IThJIHEHUE Ha 3a/1a4a 2 U 3:

1. PazpaboreHo e HamMa/IsIBaHE OCHOBaTa Mamabupamy W MyJaTEMAaImabwpamy (GyHKOIHUU OT
uHTepBan [0,3] u [0,2] Ha [0,1] [T. 2.1.2].

2. IloctpoeHu ca Mmamabupaiu ¥ MyJaTUMamabupamu (GyHKIIUH OT JIMHeeH B — cruiaiiH [T.
2.1.3.1, T. 2.2.1, ¥ T. 2.3.1], KBaJipaTuueH B — cmiauH (T. 2.1.2.1, T. 2.1.3.2), Kybuuen EpmuTos
criavH [T. 2.1.2.2, T. 2.1.3.3, T. 2.2.2, © T. 2.3.2], KBUHTUK EpMuToB cruiaitu (1. 2.1.3.4), u
JlexxaHabp MOJTUHOMH [T. 2.1.3.5, T. 2.2.3, U T. 2.3.3] 4pe3 U3I0JI3BaHe HAa pa3paboOTEeHUTE METO/T

ype3 cMsAHa Ha 6a3uca, JUPEKTEH METO/, ¥ METOJ, Ype3 BHHITHOTO CKAJIAPHO IIPOU3BE/ICHUE.
CiieAHOTO TBBpPAEHNE JOKAa3Ba MOCTUTAaHETO Ha 3AJI0K€HOTO B XUIIOTe3aTa:

a. Paspaborenu ca meToau 3a MOCTPOsABaHE Ha Mam@abWUpamy W MyJITHMAaIabuparu

(pyHKIIUY OT NOJIMHOMU U CIJIAMHU.
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I'JIABA 3
PASPABOTBAHE HA METO/IM 3A CITEKTPAJIHO PA3/IATAHE

B TeopusTa Ha cUTHAJIUTE MpoIleca Ha ONpeesssHe Ha MUHUMaTHATa ¢pa3oBa PyHKIMA,
MIPUHAJJIEKAIa KbM JIaJleH CIIEKTHhP Ha MOIIHOCT, Ce Hapuya cnekmpaaHa gaxkmopusauyus,
THH KaTO CIIEKTHPHT Ha MOIIHOCTTA € IPOAYKT Ha ABa dakropa, H(z), u H*(z), BCeKH OT KOHUTO
TpsibBa a O'bJie OIIpeiesieH.

B TeopusiTa Ha yeHBIETHUTE CIEKThPA HAa MOIIHOCT € IIapa — EpPMUTOB ITOJIMHOM KOHUTO CE

Hapuya Guamep Ha npousdsedeHue.

B riiaBa 3 ce pa3paboTBaT METOAY HA CIIEKTPAJIHO pasjiaraHe - METOJ] Ha KOPeHU Ha
IIOJIMHOMHUTE, METO/l Ha KBaJIpaTUYHU ypaBHeHUs, KerncrpasieH metoz, u Metoz, Ha Bayep. 3a
pazjMKa OT JpyTuTe MeTOAM MeToZ, Ha bayep W3WCKBa IIpEABAPUTENTHO IIOCTPOEHO
IIPOM3BEIEHUETO Ha CKajlapeH (MaTpuueH) QUiIThp, T.e. CKayiapeH (MaTpuueH) napa—EpMuToB
IIOJIMHOM. 3a MoJIy4aBaHe Ha MaTPUUEH clieKTpasieH dakrop (MysrTumanabupama QyHKIHs) ¢
’KeJIaHW CBOMCTBA € HeoOXOAMMO JeTEepMHHAHTA /1a YAOBJIETBOPSIBA OIpe/eIeHU YCIIOBUS.

TaxbB IpUMep € HAMUPAHETO Ha Aanepm ¢puamesp Ha npousgedetue.

3.1 PazpaGoTrBaHe Ha mMpou3BeAeHUE Ha MaTpUY€H PUITHP

Haii—BakHaTa 4acT Ipu M3IOJI3BAHE METO/IA HA CHEKTPATHO pasJiaraHe € pa3paboTBaHETO HA
pousBeJleHre Ha Mapa-EpMuToB ckanapeH (MaTpudueH) IMOJUHOM (aBTOKOpeJIAlMOHHA (QYHKITUA)
P(z) ynoBneTBOpsBaIl 3aAB/KUTEIHOTO YCJIOBHE 3a TIJIAAKOCT Ha JKeJlaHH Malabupariu
(MmynTumamniabupainu) ¢yHknuu. Toi € CUHTYJIAPEH U ce ChCTOU OT I'XI' MAaTPUYHU KoeuIrueTn Ha
CTEIIeHHU Z, Z' C pealHu Koe(UIMeHTH OT MpbCTeHa R7™[z, z']. 3a HaMupaHeTo Ha KeJlaHU QYHKIINH

IIPOM3BEIEHUETO Ha cKaslapeH (MaTpuueH) uarbp P(z) ER™[z, z1] e HE0OXOAUMO Jja YAOBIETBOPABA

YCJIOBHETO 34 MOJIYJIEHTOB (PUITHP:
P(z)+ P(-z) =2l (3.1)

kpaero P, =1, u P, =0,k #0. 3a mpocrora e pasriegaHo pa3pabOTBAaHETO Ha IPOU3BEJECHUE Ha
0 2k

JIByKaHaJIeH MaTpudeH GWwiIThp Ha cteneH M =1 [89]:

P(z)=P +P, + P,z, €R*[z, 7] (3-2)
C ycaosue 3a a2nadkocm:
1+27)
detP(z) = — Q(2) (3.3

KbAEeTO Q(Z) e ﬂHHeﬁHO—(I)aSOB mosHoM Ha K —uerna crenen. ITo-rosisamara IVIaAKOCT O3Ha4YaBa I10—

BHCOKa cTereH Ha P(Z)c K —Hy/Iu Ha eJMHUYHATA OKPBKHOCT, T.e. | Z|=1 u MHOxuTens (1+z )" B

(3.3).
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3.2 Meroa Ha KBaZipaTUYHNUTE YPABHECHUSA
To3u MeToJ; Ha CIEKTPAJIHO pasjaraHe M3II0JI3Ba pelllaBaHe HA KBA/IPATHYHHU ypaBHeHUsA. B

pe3yJITaT Ha TOBa MIPOU3BEJEHUETO Ha cKajapeH (MaTpuueH) GwiarThp P(Z) ce pasjara Ha cleKTpaseH

dakrop h(z™") u meropus Epmuroso cipersar h*(z™) [129]:

-k

P(z)=p 2+ + P27+ pazt+p,

+ pZ+ p,z° 4o+ p 2t
(3.4)

h(z)h"(z™") = h(2)h(z™)
=, +hzt+h,z 2+ +hz*)(hy +hz+h,z* +---+h ")
3.3 MeToa Ha KOpeHHU HAa TOJIMHOMUTE
Merona Ha KOpeHHU Ha mosuHoOMHUTeE [31], [129] ce m3passiBa B pasjiaraHe Ha IPOU3BeIEHUE Ha

ckasapeHn uwitbp P(z) (3.4) Ha HETOBUTE KOPEHHU:
p(z) = h(2)h(z™)
o J1G-2)-H[]E-2)? (35)
i=1 Z; ia
KBbIAETO pk * 0 U KOMIIJIEKCHO Cl’[peI‘HaTI/I}I Z* e KOPEH KoraTto Z CbIIO € KOPEH.

['J1aBHO ITpeIMMCTBO HA METO/IA € CIIellHaTHAaTa CTPYKTYpa Ha pas3jlaraHus IOJTHHOM.

['s1aBeH HemoOCTaThK € BB3MOJKHOCTA OT IIpWJIaraHe My BBPXY IOJHMHOMHU OT HHCKAa CTENeH,
obukHoBeHHO 3a k <10 .
3.4 Kencrpasien merop,

Kencrpamuusar (Cepstral) meTon Ha cmekTpajHO pasjiaraHe ce OCHOBaBa Ha Obpsara Dypue
tpanchopmanusa (BOT). Toit m3uckBa mpeABUAEHN XapAyepHH win codTyepHu pepypeu [28], [33],
[83], [94], [110]. M3mos3Ba ce 3a mMOCTpOsIBAaHE Ha HECHMETPUUYHHU Maimabupariy GyHkiuu. [J1aBHaTa

Hjies e JorapuTbMa Ha IIPOM3BeIeHUEeTO Ha QUITHP:

log p(2) =Y 1,2
I’“’ B L . (3.6)
=(E°+Zlnz‘“)+(E°+ZInz”)

PCSYHTaTa € Cyma OT ABa IIOJIMHOMA IIO CTEIIEHUTE zk u z’* xarto KOC(I)I/IIII/IGHTI/ITC ce HM34yucijaAaBaTr

PEKYpPCUBHO:

1
ho:eXp(Elo)
n_1 L . (3.7)
h =l h +—I ,h +---+=1h
0 n n-1'"1 n 1" 'n-1

n n

3a na namepum koeduiuenture hyh h e neobxoxumo namupanero Ha N +1 xoepunuentu ||, |, .
3.5 Meroa Ha bayep
B ocuoBata Ha merona Ha bayep e nemama Ha @ellop—Pu3 3a MaTpUYHUSA CIydai, KOATO Ce

mpusara B MaTeMaTHKaTa [29] u B Teopusita Ha ynpasyiaeHnueto [60],[80],[120], [122].
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JIema Ha ®eirbp— Pusz (Marpuuen Ciyuaii):

L
Axo napa—Epmumos mampuuer noaurnom A(z) = Z Akzk € TIOJIOKUTETHO Onpe/iesieH 3a BCUUkh Z€ T,

k=-L
TOraBa CbIIECTBYBa NXN TOJIMHOM YAOBJIETBOPABAI] MATPUYHOTO PABEHCTBO!
A(z2) =U (U (2).

L

kbgetTo U (z) = Z U,z . Torasa passarasero Ha mpousBe/ieHHe Ha ckanapeH P(z) (Marpuuen P(z))

k=0

¢untTsp
& k41 k-1 k
P(Z) = PyZ ™ + PyaZ ot Pyt Pz F P2
P(z)=P, 2" +P, 2"+ -+ P +--+P_,Z" + P Z"

€ EKBUBAJIETHO Ha X0JIECKU pas3JjiaralHe Ha 663KpaﬁHa 0JIOKOBO JIEHTOBA MaTpuna
T = - a =FF'
KBbAETO XoJiecku (baKTOpa e 6JIOKOBO JIEHTOBA MaTpuna:

Clsn) . Cl(nfl) Cénfl)
Cén) Cfn—l) Cén_l)

P_y = B
P, =P

(3.8)

(3.9)

(3.10)

B [23], [24] e ommcaHO cmeKTpa/JIHO pasjaraHe uYpe3 KJIacHYecKus MeToj bayep upes

nocrposaBale Ha (N +1) x (n +1) 6;10x0Ba sieHTOBa ThHOMIEIOBAa MaTpuna ¢ P, = F’lT :

R R R
P—l Po Pl Pk
Tn><n = annFn-I;n = I:)—k Pk
R
L Pfk Pfl PO_
_CéO) __Céo)
Cl(l) Cél) Cl(l) Cél)
=|cm c cim c
C[En) . Cl(n) Cén) Cén)

Or nocsiegHus pez Ha MaTpunara F - ce onpezesia cieKTpaaHusA GakTop:

H®(z)=C® +C"z +---+Cz ™" .

. (31)

Cl(n) C(()n)_
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3.6 Pe3yiaratu u U3BOIU

IIpencraBenure B Inasa 3 pe3yJITaTHA ca CJEACTBUE OT U3IIBJIHEHUETO HAa HM3CJIEI0BATENICKA
3a/1aya 4 Ha aucepranuaTa. Ts BKIHOUBA 0030p Ha METOAUTE Ha CIEKTPAJIHO pa3jlaraHe - METO]T Ha
KOpEHU Ha MOJIMHOMUTE, METO| Ha KBaJ[paTUYHU ypaBHeHUs, KerncrpasieH metos, u MeToJi Ha bayep.
Paspaborena e wmysarumammabupaiia ¢GYHKIUA C JKEJIaHW CBOWCTBA W IIPEBAPUTEIHO 33J1aJleHa

JeTepMuHaHTaTa. Pa3paboTeHo e aBTOPCKO IIpOu3BeieHre Ha (UITHD Ha AJIIIEpT.

Hayunu pesyJsTati, NOJIyYeHU NP U3IMIbJIHEHUE HA 3a/ja4a 4:

1. PazpaboTteHo e aBTOpCKO ITpousBeieHne Ha puiaThp HA Asmepr [T. 3.1].
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TJIABA 4
PA3PABOTBAHE HA AJITOPUTMU 3A BBP3 U TOYEH METO/] HA BAYEP

3a /1a OpAaT MOJyYeHU MAaTPUYHU KOoe(HUIIEHTH MO MeToza Ha bayep 3a clieKTpasiHO
pasyiarage ca pa3pab0OTeHU JIeTalyTHO aJITOPUTMHU 3a pertaBaHe Ha HMY. 3aTtoBa Ta3u raBa e
IIOCBETEHA HA MOCTPOsIBAHETO HA JIBa YMCJIEHHU aJITOPUTHMA - A2opumasm 1 1 Aa2opumem 2
YHUTO NMpUJIarane Boau /o pemienus Ha HMY ¢ Tounu croiiHocTu. ChIo Taka ca IMOKa3aHU ca

pas3JIMKUTE MEX/Iy KJIacuJyecKus u 0bp3 MeTos Ha bayep.

CrekTpaTHOTO pasjiaraHe Ha IPOU3Be/ieHre Ha (GUITHP ¢ OCHOBA IMO—TOJsAMa OT [0,1]
yBeJIMYaBa M3YHCIUTETHATA CJIOKHOCT. 3a Ta3u IeJ1 € IPEeAJIOKeHO KoepHUIMeHTHUTe Ha

IpOU3BeJIEHUE C OCHOBA [0,N] /1a ce mpeHape AT Ha OCHOBA [0,1].

4.1 O6u1a reopusa Ha 0bp3 MeTox Ha bayep

IIpenqumctBaTta Ha 6bp3us metos HAa bayep (BMDB) e uzbsrsane mocTposSIBAHETO U Pa3jlaraHeTo
Ha ThoIUTeIOBa MaTpUIla C OTPOMHU pa3MepH U BB3MOXKHOCTA CIIEKTPUTHHUTE (pakTopu aa ObAaT ¢
TOYHU KOeUITUEHTH Upe3 CuMB0AHU usuucaenus ¢ Matlab [92], [93] u Maple [90].

3a Ta3u IeJITa CTeleHTa Ha IPOU3BE/IEHNETO Ha (PUIThpa € HeoOXoAuMo /1a O'b/le IOHMKEeHA Ha
k=1. 3a nenTa koedunuenture P, B mpousBesieHNeTO Ha GUITHD Ha k—CTelneH

P(z)=P,z* +P_ 27"+ 4P, +---+P_ 2" +PZ", P, =P €R™[zz7]. (4.1

A

ce peHapexX/iaT B 1Ba koepunuenrta Py, u P, =

3T
_ 1
R A 4 oA -
P(z)=P,z"+P,+Pz. (4.2)
4.2 ITocTposaBaHe Ha AJITOPUTHM 3a 0bp3 MeToa Ha bayep
B knacumueckusa meTon, Ha bayep 3a cmekTpasHO pasjiaraHe TJIaBEH HENOCTAaThK  XOJeCKU

pasjaraHe Ha JieHToBa ThoIuleroBa MaTpunma 1, . C OTPOMHU pasMmepu (>10°) chbeTosAla ce OT

KoeUITMEHTHTEe HA IPOU3BEJEHUETO Ha cKajapeH (MarpuueH) GuiaThp. MeToza ce ycaoKHsSBa 3a
CHUHTYJIAPHO TPOU3BeleHHe Ha (QUITHP, KOETO BOAU [0 IOAJIMHEHHA CXOJUMOCT W CIEKTPaHU
dakropu c¢ rosemu rpemku. ToBa Bogu A0 paspaborBaHeTo Ha Obp3 Merox Ha Bayep 3a ckamapHO
(MaTpUYHO) CIIEKTPAIHO passiaraHe [90].

3a omucaHMe Ha METO/ia € Pas3IyIeflaHo IPOM3BeieHre Ha MaTpudeH QUATHD Ha creneH k=1. AKo

JIOTlycHeM, ue e 3a/jajleHa HadajHaTa CTOHHOCT 3a mwhpBus koedunuent C; Ha Mamrabupaniata
dyHKIMA TOraBa, MbPBUA KOEDUITUEHT Ha TPOU3BEAEHUETO HO QIITHPA €:

P, =ColCoT'- (4.3)

Ot npyra cTpana, croiinoctute Ha Marpuaaute koebunuentn C” u C" ca uspectnu cien n—

UTepanus, ToraBa BTOpusA KoeuimeHT

¢ =p e ] (4.4)
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noJydeH upes urepanuute 3a P, = C{" [Cl(””)]T ce 3aMecTBa B I'bPBUSA KOe(UITUEHT:
_ (n+1) (n+1) (n+1) (n+1)
P =C; [Cl ]T +C [Co ]T (4.5)
C KOETO ce TIOCTPOsIBa HEJTMHEHHO MaTpu4yHO ypaBHeHue (HMY):

Céml) [Cén+l)]T - P, _Cl(n+1) [Cl(n+1):|'r

: (4.6)
= Po - PlT [Cén) ]7T [PlT [Cén) ]7T ]r
nJjin
cpolee] -p, -eTko ko @
Tosa e 6bp3 meTox Ha Bayep [89], [90] B HMY 3a n - ureparuu pa3paboTeH OT aBTOpa:
+ 1
XD =p BT [x"]'R (4.8)
KBJIETO
X©®=p
(4.9)

X(n) — Cén)[Cén)]T .
Upes (4.8) u (4.9) cbcraBeHU Ancopumem 1 - 3a U3UUC/IsABaHe Ha Obp3 Merona Ha bayep u

Aneopumem 2 (®wur. 4.1) - 3a UIBUUC/IABaHE HA TOUeH MeTo ] Ha bayep (®wur. 4.2).

Inputs: P, R, ..., B, (Ckamapuu (Marpuunn) koedpunuentu Ha P (z))
Outputs: C,,C,,...,C, (Cxamapau (Marpuunu) koedpunventu Ha H(z))

Begin:
If k>1

ITocrposBane Ha 6;10k0B0 MaTpunu P, u P, 3a moHmxkasane

CTeIleHTa Ha MIPOU3BE/IEHUETO HA CKasIapeH (MaTpudeH) GpuiaTsbp
Ha k=1;
End

Step 1: Hamupane Ha maTpuIiata X ype3 YUCJIEHHO pelnlaBaHe Ha
X=PF - PlTX’lPl;
Step 2: Hamupase Ha marpunara éo Kato XoJlecKu pasjaraHe, T.e.
X =C0Cg ;

If k>1
Wzmmuane na Cj,C,,---C, or éo u él;

®ur. 4.1 AaroputrsM 1: bbp3 MmeToz Ha bayep
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Inputs: P, R,..., R, (Cxanapau (Matpuuynu) koepunuenta Ha P (z) )
Outputs: C,,C,,...,C, (Cxamapuu (Matpuunu) koedurnuenta Ha H(z))

Begin:
If k>1

HOCTpO}IBaHe Ha 6JI0KOBO MaTpunu PO n Pl 3a IIOHU>KaBaHeE

A A

CTeleHTa Ha IPOU3Be/IeHNe Ha cKajlapeH (MaTpuyeH) QUIThp
Ha k=1;
End

HN3no13BaHe HA CMMBOJITHA aJlre6pa

Step 1: IlocTposiBaHe Ha cUMeTpUYHATa MaTpUIla X Ype3 CUMBOJIHH

CTOWHOCTHU X; ;

Step 2: [TocTposiBaHe U pemaBane Ha HMY upe3 HeJIlMHeWHA CHCTEMA OT
YPaBHEHUS:

f(X)=X-P,+P'X'P,=0;

Step 3: Hamupane na matpunaTa C, upes Xosecku pasiarase Ha X ;

Step 4: Hamupane va marpunara C,upes C, = PC,";
If k>1
Wzenmuuane va C,,C,,---C, ot C, u C,;

®ur. 4.2 AnropursM 2: Touen metoj Ha Bayep

Bcesiko pemenune X M 3an—>we petenue Ha HMY 3a n—urepanys, T.e. T[PAaHUYHUTE

cTolHOCTH BOoaAT 10 HMY:
X=P,-R'X'P, (4.10)

C KpalHUTe CTOMHOCTH Ha KoeUIUeHTUTe Ha MaTPUUHUA PaKTop:

Cy <X =limXxX®™

e . (4.11)
C . T (n) -T
, ~>lim P, [Co ]
n—oo
CnenoBarenHo, ckasiapeHus (MaTpUUHUA) CIIeKTpasieH (haKTop e:
H(z ") =C,+C;z* (4.12)

4.3 Metoau 3a pemiaBane Ha HMY B BMb
B Ta3u rimaBa ca uscijieaBaHu TPUTE MeTo/Aa 3a pentaBane Ha HMY:
4.3.1 Merop Ha duKkcrpaHara ToUKa
4.3.2 Mertopg Ha HioToH
4.3.3 Upes uznoszpane Ha O/IAYP
4.4 bbp3 meTrox Ha bayep (Ckanapen ciydaii)
B ta3u ry1aBa e uscsieiBaH ckasapHus ciaydaii Ha BMB.
4.5 bpp3 meTox Ha Bayep (BekropeH ciyuait)

B Ta3u riaBa e usciiesiBaH BeKTOpHUA cirydail Ha BMB.
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4.6 Pe3yjaTaTu 1 U3BOIU

IIpencraBenure B [1a8a 4 pe3yaTaTH ca CJE/ICTBHE OT U3IIBJIHEHUETO HAa W3CJIE/I0BATEJICKU
3a/1a4y 4 U 5 Ha AucepramusaTa. Ts e mocBeTeHa Ha pa3paboTBaHe Ha As12opumsm 1 U Aa2opumsm 2 3a
uncyieHHoTo periaBaHe Ha bMDbB. Toa e HajloxkeHO OT akTa, Ue KjJacUIecKHUs MeTOJl 34 CIEKTPAJIHO
pasJiaraHe Ha CHUHTYJIAPHO MPOU3BeJIeHHE Ha cKajlapeH (MaTtpuueH) GUITHD U3UCKBA IOCTPOsIBaHE Ha
6s10K0Ba JieHTOBa THOILIEIIOBA MATPHIA C OTPOMHH pa3MepH (>10°) 1 HEHHOTO X0JIECKU pa3JjlaraHe.

[Ipu paspaboTBaHeTO U M3ceABaHETO Ha MeTosa BMDB ca u3mnosi3BaHU YHC/IEHHUTE PelleHHs
Ha HMY mo MmeToyia Ha HeNOJABMIKHATA TOYKa, MeTosla Ha HIOTOH, M 000OIIEHOTO AHUCKPETHO
areOPUYHO ypaBHEHHE Ha PukaTu.

['y1aBHOTO TpeaUMCTBO Ha pa3paboTeHus An120pumosM2 € Bb3MOKHOCTA MYJITUMAIa0UpaIuTe
dyHKIIUKE 7@ OBAAT C TOYHH KOe(PUIIMEHTH, CJIEOBATEIHO U MYJITHYeHBJIeTHUTE (GYHKINHU, U Ja
yJIOBJIETBOSIBAT JKeJIaHU MYyJITU(DUITHPHH CBo¥cTBa. ToBa € BepHUdUIIMPAHO 4Ype3 pa3pabOTBAHETO

MyJATUGUATHD Ha AJITIEPT.

HayuyHO — NpWI0KHHU pe3yJTaTH, IOJy4YeHH NIPU U3IIbJIHEHUE Ha 3aJia4ua 4 U 5:

1. PazpaboreHu e anropuThM 3a MOHMIKABAaHE CTENEHTAa HA IPOU3BE/IEHHETO HA MATPUYHU
dunTpu [T.4.1].
2. Pazpaborenu ca dsa asmopcku anzopumesma 3a 6bp3 Metoa Ha bayep;

(a) Anzopumem 1 - 3a n3uuCasIBaHe Ha ObpP3 MeTo Ha bayep [T.4.2].

(6) Anecopumesm 2 - 3a U3UNCIABaHE HA TOYeH MeTo Ha bayep [T.4.2].
3. Paspaborenu ca dsa asmopcku uucaeHHu memoda 3a pemaaHe Ha HMY 3a BIIb u e
IpeJicTaBeHa TSIXHATa U3YUCIIUTETHA CJI0KHOCT [T.4.3.1] u [T.4.3.2].
4. Ilpunoxen e kinacuyeckus u Obp3 Meron Ha bayep 3a cmekTpasHO pasjaraHe Ha
IIPOU3BEJIEHUETO Ha CKajlapeH QUuiaTwvp [T.4.4] U MpousBereHHMeTO Ha MaTpuiyeH GWITHD Ha
Anmepr [T.4.5.1].
5. PazpaboreH ca dga asmopcku sapuaHma 3a HAMUpaHe Ha CHMETPUYHH YeHBJIETHH (QYHKITUU

Ha Asmepr. [T.4.5.2].

CJIeI_lHI/ITe TBBPACHHUA JOKA3BaAT IIOCTUTAaHETO HA 3AJI0KCHOTO B XHUIIoTEe3ara:

(6) PazpaboTBaHe Ha As12opumosm 1 e Aneopumem 2 3a 0bp3 1 ToueH Metoy Ha Bayep;
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TJIABA 5
EKCOIEPUMEHTAJTHU W3CJAEABAHUA HA PA3PABOTEHUTE METOAU 3A
IIOCTPOABAHE HA YEMBJIETHU U MYJITUYEMBJIETHU ®WJITHPHU BAHKN

['naBata e MOCBETEHO HA EKCIIEPUMEHTATHO U3CJIEBAHE HA KJIACUUECKUs U ObP3 METO/
Ha bayep 3a cIleKTpaJHO pasjlaraHe U CpPaBHUTEJIEH aHAIN3 Ype3 7 MpUMepa, KaKTO H
HoCTpOsiBaHe Mamabupamure ¢GyHKIHH Ha Xaap, /[lobemn4, u MysnTuMamiabupamiaTa
dbyaknus Ha Anmepr. CpaBHEHU ca Pa3jIMYHU MPUIOKEHUs HA OPTOTOHAJHU MYJITUYEHUBJIET
¢durThpa 3a 0O0paboTka Ha TecTBAIM M300pa’KeHUs C HUBO HA CHBO U H300pa*KEeHUS OT
ckaHupanu Qororpadcku  IIaku. VI3BBPIIEHO € €eKCIEPUMEHTAJHO W3CJIe[BaHe Ha
paspaboTeHH OT aBTOpa MoAy/au Oe3 yMHOXKeHHe 3a OuopToroHaysiHa 5/3 ¢uiarbpHa OaHKa

IIPOEKTUPAHU U peaJIn3UPAHU BBPXY IpenporpaMupyeMa HHTerpajHa cxeMa.

5.1 EKcnepuMeHTaIHO U3CJIe/IBAHE U CPAaBHUTEJIEH AaHAJIN3 HA KJIACHYECKHA U 0bP3 METOJ,
Ha Bayep 3a cmekTpasiHO pa3JiaraHe
5.1.1 EkcmepuMeHTATHO H3CJIeIBAHE HAa KJIACHYECKHsA MeToJ Ha bayep 3a ckajiapHO
CIIEKTPATHO pasjiarane (Mamaoupama GyHkiua Ha Xaap)

[TpousBenennero Ha GIThpa Ha Xaap € CHUHTYJIAPEH CKajapeH mapa—EpMHUTOB HOJMHOM C

JIBOMTHA HyJI1a Ha eITMHUYHATA OKPBKHOCT (Z = —1) Ha crenmeH k = 1,

1 1
)=—17"+1+—-1z (5.1)
P(2) =3 5 5
CrnexTpasiHOTO pazjiaraHe NpousBeieHueTo (5.1) BOAU 0 CeKTpaIHUA GaKTOP ¢ TOUHU KoeUITUEeHTHU:
1 1
h(2)=—=+—=2". (5.2)
T2 2

CxomumocTta Ha Merosa Ha bayep 3a CHEKTpPaJHOTO pasjiaraHe 3aBHCH OT CHHIY/ISIDHOCTA Ha
npousBezienneTo (5.1). ToBa ce o4eBHAHO OT abCOJIOTHATa TpeliKa IOJiydeHa 3a KoepHIUEeHTa B

AraroHasia Ha nxn 6JI0KOBO JIEHTOBATAa TI)OH.TIeI_IOBa MaTpuna 3a peg n — 1

1 1
Enaar = I+ ——|1+— .
Haar ,/ . ( an (5.3)

5.1.2 ExcriepuMeHTaJIHO H3CjIeABaHe Ha KjIacuueckua MeroJ Ha bayep 3a ckajgapHoO
CIEKTPATHO pasdjarane (mamadoupama pyHknua Ha /[ro6emu 4)
ITpousBenenunero Ha GuaTHP Ha Jlobeliu 4 e CUHTYJIAPEH CKalapeH apa—EpMUTOB ITOJIMHOM ¢

YeTBOPHA HyJIa Ha JUHUYHATA OKP'HKHOCT (Z = —1) Ha creleH Ha cTeneH k = 3:
p(z) =h(2)h(z™)
:%(—23+921+16+92—23). (5.4)
_ @+2)'(z*-4z2+))

N 16
CrneKTpayTHOTO pasJiaraHe BoAu A0 700pe n3BecTHUSA MUHUMAJHO pa3oB /[obewiu 4 GUITHp:
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h(z) = %[(u V3)+(B3+/3)2 +(3-3)22 +(1-+3)2?). (5.5)

MunuMasHaTa Tpelllka Ha MPOU3BeJeHHeTo Ha GUIThpa &p ~1.793X107° e MOCTHraHaTa 3a
n=58750, MOKaTO MHHUMAa/IHaTa TPEIIKa 3a CHeKTpaHusA (aKTOp &€p~1.534x105 € IOCTUTHATA 3a
n=65000.

5.1.3 ExcmepuMeHTaIHO H3cCJdeABaHE HAa KJIACHYECKHA MeToa Ha Bbayep 3a mMaTrpudHO
CIEKTPATHO pasJjiarane (MyaruManaoupama GyHKIua Ha AJmepr)

IIpousBenienuero Ha GUITHhpa Ha AJIIEPT € CUHTYJISApeH MaTpudeH napa—EpMUTOB MOJIMHOM

P(z) e C*?[z,2"] ¢ ueTupuKpaTHa Hy/Ia Ha eIMHAYHATA OKPBKHOCT H CTeTeH k = 1:

1 3 1 43
= N3 10 = N3
P(z)=| 2 4 |z 4| 2 4 |z, .6
() _ﬁ 1 {0 ]] ﬁ 1 (5.6)
4 4 4 4

I'pemikara Ha MPOU3BEAEHUETO HA MAaTPUUHUA GUITHP HaMaJIABa C MUK HA n=20375 /10 CTOMHOCT &p =
0.699x1075, cjie, KOETO ce yBeJaudaBa JI0 €p=6.10870x1072 3a n=22500 OTHOBO HaMaJssBa 10
ep=0.5967x10715 3a N=32500.
5.1.4 ExcniepuMeHTa/IHO u3scjaeasane Ha bMb
5.1.4.1 CKajIapHO CIIEKTPAaJIHO pa3JiaraHe

5.1.4.1 CKajIapHO CIIEKTPAJIHO pa3jiaraHe

A) Mamaoupama pyHKIua Ha Xaap

ITpousBenenuneTo Ha punThpa Ha Xaap (5.1) BOAU 10 HEJTMHEHHOTO YPaBHEHUE

X=p, - p°x*

1o (5.7)
4

1
c X= > IThpBUAT CKalapeH KoeUIMEHT ce HAMUPA OT XOJIECKH passarane Ha X = h :

hy = N (5.8)

CnenoBaresiHo, BTOpUSA CKajlapeH KOeUIIUEHT e

h, = plhc;l = i . (5.9)
J2
OueBuHO, BMB e mpocT 1 efleraHTeH MeTOJI 3a CIIEKTPAJIHO pasjiaraHe ¢ TOUHU CTOMHOCTY Ha
CIeKTpaIHUA (PaKTop.
5.1.4.2 IIpuaoxenuna Ha BMB 3a cmekTpasiHO pa3/jiaraHe

(A) HA AJITOPUTHM 2
5.1.4.2 IIpuiao:xenna Ha BMB 3a cmekTpasiHO pa3 jiaraHe

(A) Upes npuiiarane Ha AJITOPUTHM 2

bep3uar u TouHuA Meron Ha bayep ca wu3cienBaHM 3a ceieM IIpUMEPH - IIECT

CUHTYJ/JIADHHU WJIKM HECHUHTYJ/JIADHHU IIPOU3BEACHUA HA MAaTPHUYHHU IIOJIMHOMHU, U €JUH IIPDUMED Ha
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MIpou3BeJleHNe Ha ckasiapeH ¢uiarhp (Tabs. 5.1). Becuukn criektpasnu ¢akTopH ca MOIyYeHU C
TOYHU CTOMHOCTH.

B enun oT mpumepuTe e pa3paboTeH HOB OPTOTOHAJIEH CYyIEPKOMIIAKT MYJITHQUITHD C

no-znobpa CoboneBa rnagkocT Sg, =1.28 orkomkoro CL wmyntupunrep S, =1.06.

'pemmkute Ha Mamabupaia GyHKIKA U IPOou3BeeHe Ha QUIThpa ce U3YUCIISBAT C:
gy =[1Co —C{" |
T Ty
g0 =l Py = CVIC T -CV[CT |

Tabauia 5.1
XapakTepuCTUKU Ha IPOU3BEIEHUATA HA QUITPUTE — CUHTYJIIPHOCT U

HYJIN HAa €eAMHUYHATA OKPBXKHOCT 3a IIpUMEPU 1—7

Hysau Ha

IIpumep CHUHIYJIAPHOCT
€ IMHUYHATA OKPHKHOCT

1 He Hama

2 Ja JBe aBonuu (z = -1)
3 Ha JBe nBoiuu (z = +1)
4 Ha Yerupukparsa (z = -1)
5 Ha Yerupukparsa (z = -1)
6 Ha Yerupukparsa (z = -1)
7 Ja JleceTokpaTHa (z = -1)

IIpumep 1: [IpousBeseHre HA HECUHTYJIAPEH QUITHP

Hecunrynapuuar napa—EpMUTOB MaTpudeH NOJIUMHOM [95]:

P—00‘200‘110 0 0 0 2|,

Ol oo 2o sl o e of

)= (2z-1)(2-72)
z

1
e ¢ merepmuHanTa detP(z U KOpeHU 5,2. HamansBaHeTo Ha ocHOBaTa Ha

nosinHoMa Bogu o HMY ¢ 4 x4 matpunu Py u P, uueto pemenue e

8 2 -2 0
12 145 8 -3

171-2 8 9 0
0 -34 0 153

HpHJIaI‘afIKH CbIIUTE CTBIIKKM KaAKTO 3a IIPEJHUTE CIIEKTpAa/IHKU Ppa3jlalraHud € II0JIy4E€H

MAaTPUYHUSA cieKTpasieH (GaKTOP C TOUYHU KOePUITMEeHTH:

H@) 114 O 1 |-1 1 - 1 /0 4 2
= — + — + — .
B4l 17| Ao -4 J34lo 0
IIpumep 2: Mamabupama ¢pyuknusa Ha Xaap (HenopmanusupaHna)

IIpousBenenuero Ha puiaThHp Ha Xaap e napa—EpMUTOB ckaslapeH MOJIMHOM:
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2
P(2)=z"+2+z=01+2)(1+z ") = d+2)"
z

c NIBoWHa Hysa Ha z=-1. Tpi Karo pemennero Ha HMY e X =1, cmnekrpasHus dakrTop e

HeHOpMasu3upaHa Xaap marabupaiia GyHKIus:
H(Z)=1+z".
IIpumep 3: CUHTY/ISIpEH MaTPUY€EH [TOJTHHOM

CunrysiapHus napa—EpMuToB MaTpruyeH NoJHMHOM [61]

6 22| , |2 7 6 22
P(z) = 7+ + z
22 84 11 38| |22 84

C(z+D)*(z-1)°

5
ec detP(z) = U 71Be ABOWHU Hyiu Z = *1. Pemennero na HMY X = L }

26

BOJZIU /1O MAaTPUYHUSA CIIeKTpasieH (PaKTOp ¢ TOUHU CTOUHOCTH:

a1 0].[2 1
(Z)_5 177 3™

IIpumep 4: lenouncien myrtuduatsp [32]
ITponsBeieHNETO HA 1IEJIOYHCIEH MaTpuueH GWITHP € apa— EpMUTOBUSA MaTpUY€EH IMOJIMHOM:

-2 4 Tt ol e,
412 0 0 1] 4/-J2 o0

1+zhH* 1
2

¢ detP(z)= U 4YeTUPUKpaTHa Hysna. Pemenuero X =—{ BOIH IO

4

2 2
J2

OpTOTOHAJIHATa MyJITUMaIabupaiia GyHKIUA:

o5 0E )
-1 1 1 1

IlenouncienHara MyaTuMaIabupaiia GyHKIH ce MOoJydaBa ype3 IPOU3BeIeHNE C MATPUIIATA

C =diag(~/2,1) [89]:
1 0] 1 0
H@=_1 1]+1 1}z°
2 2] |2 2

CnenoBaresiHo, IOITbJIBAIATA I[€JIOUNCIEHHATA My/ITHYeUBIeTHA QYHKIUA €:

0 1 0 1
G(z):[i 1]+[1 l}zl.
2 2 2 2

IIpumep 5: HoBu cynnepkoMIakTHU My ATUGUITPU [90]

[IpousBenenune Ha matpuunusa CL (Uyu — JIuan) Guarsp

P (Z)—1 4 147 zl+{1 0:|+£ 4 _(l+ﬁ)z
“g-aeV) -7 0 1] 8J7+1 -7

Asmopegpepamu na ducepmavuu 2024(5) 41-91



METOJIH 3A IIOCTPOABAHE HA YEUBJIETHHU U MYJITHYEHUBJIETHU OUJITHPHU BAHKH 72

(4-J7)(1+2)*
32z°

e c¢ detP, (2)= U 4YeTHpUKpaTHa Hysa. To e momyueHo ot  CL

MyaTAMaIabupama ¢yHkius B [35]:

o 247 [3 1 2-47
H. = 4 |4 4|y 4 772
& 2-J7| |1 3 2+47
0 0
4 4 4 4
Pemennero HMY 3a P, e nHecunryngpma marpuna X =l 4 V7 +1 . IIspBuar
8|J7+1 4
koeUIMEHT e MoJy4yeH upe3 Xosiecku pasyiarane Ha X (IIpusosicerue 3).
c J2f 4 0
O 8 |NT+1 AB8-2J7 |

Twii KaTo cToitHOCTa 8 — 24/ 7 MO’Ke J1a ce IPEeJICTaBsA € 1B PA3IMYHU MHOMXKUTEJIS:

V8- 247 = /1 VT7)?
= W7 -)(T -1 = Ja-VT)L-7)

TOTaBa MOJIyYEHUTE OPTOTOHAJIHU MyJITUMAIabupariu GyHKITUH ca JBe:

(M1) (V7 -1): H(z):%([ﬁil ﬁo—l}r _\/;_1 ﬁo_l}zl}

\/E 4 0 i 4 0 1
(M2) (1-+/7): H(Z)=?Gﬁ+1 _(1_\/7)_{—\/7—1 —(\/7—1)}Z ]

KaTo AOITbJIBAIIUTE OPTOrOHAJIHU My.TITHyGﬁB.TIGTHH (1)YHKIII/II/I ca:

V2 0 4 0 -4 1
(M) G(Z)z?ﬂ—a—ﬁ) 1+ﬁ}+[1—\/7 1+\/7}Z j

V2 0 4 0 —4 .
(M) G(Z):?q—a—ﬁ) —(1+ﬁ)}{1—ﬁ —(1+\/7)}Z ]

Ha ¢wur. 5.1 ca mokazaHu HOBHUTE J[Ba MyJITUMAIIAOUPAIITN U MyJITHYEeHBIETHHU (DYHKIIHH.

(@

®wur.5.1 ABTOPCKH OPTOTOHAJIHHU CyIePKOMIAKTHU My TTuMarnabupama d(t) =[d,, 4]

(uepsero) u mynruyeiiBnerna yukmusa ‘P(t) =[y,, l//l]T (cunvo); (a) (I11) (6) (I12)
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IIpumep 6: Mysrtumamnabupama GyHKIusa Ha AJnepT

[IpousBezieHMETO HA CUHTYJIAPHUA MaTpuuyeH GUITHP HA AynepT e napa—EpMUTOBUA TOJTMHOM

P@)=2| ° ﬁz-l{l 0}1 2 -3,
4 -3 -1 0 1] 4|3 -1

L 3
7°(1+2)* 1 )
c detP(z) =————— wu uerupukparHa Hysna. Pemenuero Ha HMY, X =— ypes
2|5
2
XoJiecku pasjiaraie BOAY I'bPBUSA MaTpuiyeH KOe(UIINEeHT:
: [j_ 0]
Co=—=|v3 1
V2 2 2
BropusT MaTpuueH KOehHUI[UEHT:
1|1 V3 (Lo 10
C,=PC," == 2 113 1] =—| 3 1
1 1~0 2 \/§ 2 — - = 2 - —
— 1 2 2 2 2

2
IIpumep 7: (JlexcaHdsp NOAUHOM HA CMeneH 5)

IIpousBesienrero Ha MaTpudeH GUATHP OT JlekaHbp MOJMHOM Ha CTelleH 5 € CUHTYJIAPHUA
napa—EpMuTOB MaTpuueH NOJIUHOM:
-1
P(z)=R,+Pz,

128 64+/3 0 —164/7 0
. — 6443  —64 16415 16421 -83
kpeto P,=1, P =——| 0  —-16415 -112 -815 2445 |, nerepmunanTa

256
—644/7 1621 8J35  —40 -3947
0 8/3 2445 39y7 53
(z+1)"
detP(z) = ~— % U JIeCETKpaTHA HyJIa Ha eJUHUYHATA OKPBKHOCT. Pemmenriero Ha HMY
zZ
[ 128 -644/3 0 1647 0o |
|- 643 128 -16415 0 8.3
X=oes| O ~16415 128  -16415 0
167 0 -16435 128 -21J7
0 8v3 0  -21J7 128 |

BO/IY /10 OPTOTOHAJIHATA MyJITUMAIabuparia QyHKIua

[ 16 0 0 0 0 16 0 0 0 0
-8J3 8 0 0 0| |8/3 8 0 0 o0
H(z):g 0 -4J15 4 0 0|+ 0 415 4 0o ofzt
27 2J21 -2435 2 0| |-2J7 221 2Y35 2 0
0 2y3 65 37 1] | 0 -2¥3 65 -3J7 1]
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YucyieHHUTE TPENTKU MOJIydeHH OT ‘An2opumesm 1° 3a BMb mo meTosa Ha HEMmO/IBMKHATA TOUKA
u MeTojia Ha HI0OTOH 3a mpousBeieHneTo Ha QUITBLD &, U CHEKTpanHusa GakTop &, 3a IpUMepH 1-7 ca
MoKasaHu Ha Gur.5.2 u GUr.5.3 ¢ U3UNCIUTEITHA CJIOKHOCT 3a JBaTa YMCJIEHHU MeTo/a Ha TabJI.5.2.
PesysratuTe 1 3a IBaTa METO/Ia MMOK3BAT Y€ CXOAMMOCTA € TO/IJIMHENHA.

OtHOCHO Oposi HA WTepalMy 3a pasjlaraHe Ha CUHTY/ISAPHU CKAJIApDHHW WM MaTPUYHH Iapa—
EpmuroBu nosinHoMH, MeTo/1a HAa HIOTOH M3UCKBA HAKOJIKO, IOKATO METO/IA HA HEMOJIBUKHATA TOYKA
U3UCKBA MUHUMYM HSKOJIKO XWJIAAU. YUCIEHHU TPENIKU 32 TpUMepu 1 — 7 Ha GUITHP IIPOU3BeJeHNe
&p W Ha CHEKTpanHusA GakTop &, INOJIyYeHHU 10 MeToAa Ha pUKCHMpaHara TOYKa U MeroAa Ha Hroton
IIpU U3I0JI3BaHe Ha As1zopumem 1 3a BMDbB Ha cnekTpasiHO pasiaraHe nokazanu Ha Qur. 5.2 u Owr. 5.3.

PESYIITaTI/ITe IMOK3BaT IroJiIeEMUTE pa3JiIMKH B CXOAUMOCTA Ha IBAaT ME€TOa U HeO6XO]_II/IMI/ITe urepanuu.

Taoumna 5.2
Nzuucauresnna cio:xHocT Ha bBMb upe3 MeTofa Ha HEMOABMKHATA TOUYKA U MeToAa Ha HioToH 3a m -

CTEIleHHO IPOou3Be/ieHue Ha QUITHD € I'Xr MaTPUYHU Koe(UIINEeHTH

MeTon N3uucaurepHa Hrepamun
CJIOZKHOCT
Metop Ha HEOJBMKHATA TOYKA O((mn)3) (t1e 110 }—{?Agﬁr5x103)
Hsaxoaxo
Mertop na Hiotou O((mn)®) (110 — MATKO OT 50)

——Example 1

—o—Example 2 |
Example 3 !

—o—Example 4
—o—Example 5 |
Example 6 |
Example 7 |

—— Example 1

—o—Example 2 °

Example 3 °

10-1§ —o—Example 4

10° —o—Example 5 °

10_1: Example 6 °

10° —— Example 7

10718

10° 10" 10% 10° 10* 10° 10° 107 10% 10° 10° 10" 10% 10° 10* 10° 10° 10" 108 10°

n n
(@) (b)

®ur. 5.2. Yucnennu rpeniku Ha BMbB o memod Ha gpuxcupanama mouka 3a CKaJlapHO U
MaTpPHYHO CIEeKTpasIHO pasyarane B log—log dpopmar; (a) &, Ha GunTep npoussesenue; (b) &,

Ha CIIeKTpaIHuA (paKTop;
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0 ' ‘ ' 0 ' , ' ,
0 ——Example 1 10
10_2 \ —o—Example 2 10,
107 Example 3 10,
104 —o—Example 4 ! 10_4
10'5 o—Example 5 | 10_5
10° Example 6 ! 10_6
10°® Example 7 ! 10 ;
1077 1 10
10°8 [ 108
107 / 1 10 1
10 10-10 ——Example 1 |
10_11 | 10-11 —o—Example 2 |
10_ 1 42 Example 3 |
1072 1 10
13 —o—Example 4 ]
10713 i 10
14 o—Example 5 |
10714 i 10
) 15 Example 6 |
107 1 10 ——Example 7
10716 10710 , k , p ]
5 10 15 20 25 30 35 5 10 15 20 25 30 35
n n
(a) (b)

®ur. 5.3. Yucsiennu rpemku Ha BMB o memod na HiomoH 3a ckajapHO U MAaTPUYHO CIIEKTPAJTHO

pasyarase B semi—log opmart; (a) ¢, Ha GunThp Npousseznenue; (b) &, Ha crekTpagHUA HAKTOD;

B) Upes u3nosi3BaHe HA BrpajieHu copryepHHU PyHKIUHA

bpp3uar u Tounusa metof Ha bayep ca usciezBaHu 3a ceAeM IpUMepH 3a pelraBaHe Ha HMY
ype3 0006weHomo duckpemuo an2ebpuuro ypasveuue Ha Pukamu (OTAYP). M3nos3Bauu ca
BrpasieHuTe copTyepHu GYHKIIUY 32 CHMBOJIHO IpecMmsATane B Maple (‘dare’) u Matlab (‘dare’ u
‘idare’).

Maple - Yucnennute rpemku ot Maple moka3BaT, 4e CIIEKTPAJTHO pasjiaraHe ¢ BUCOKA TOYHOCT ce
IIOCTUTHA €IUHCTBEHO 33 HECHHTYJIAPEH MaTpuueH mosuHoM (~10") (IIpumep 1). B cayvait Ha
CUHTYJIIPDHU Tapa—EpMHUTOBM MaTpUYHU IMOJMHOMH C MHOTOKPATHH HYJIM HA €JUHUYHATA
OKPBKHOCT TOYHOCTA € ~104 (IIpumepu 4-7), a caydail ¢ ABOWHU HYJIU WIM PAa3IMYHU 3HALH
(r.e. z=%1, IIpumep 3) pemenuero Ha HMY e ¢ HempaBwiHuH cTOMHOCTH. CiemoBaTesTHO,
M3I0J13BaHe Ha BrpasieHaTa GyHkius (‘dare’) B Maple e HempenopbYUTETHO.

Matlab - Yucnennure rpemku ot Matlab moka3zsat mo—ao6pa TouHocT B R2018a, KbieTo ce peraBat
nmpuMepu 1-6 KaTo TOYHOCTA € 1Mo-100pa ot ot Maple. EquHcTBEHO 3a IprMeEp 7 TOYHOCTA € IO —
Hucka ot Maple.

5.1.5 CpaBHHUTEJIeH aHAIN3 HA MeToauTe Ha Bayep
KakTo 6e cnomMeHaTO B NMpEAUIIHUTE TJIABU IJIaBEH HEJIOCTATHK HA KJIACHYECKUS Memol Ha

Bayep e HeobxoarmocTa oT Xosiecku passiaraHeto Ha ThoIieroBa MaTpHIia ¢ ToJieMH pasMepu (noseue

om n= 65x103). ToBa e moposeHO OT ¢aKTa, Ye CIEKTPIHOTO pasjaraHe € IPUJIOKEHO BBHPXY

MIpOM3Be/IeHNA Ha QWITPU ¢ KPAaTHU U/WJIM MHOTOKPATHH HYJIU HA €IMHUYHATA OKPBHKHOCT.

I'naBuuTe npedumcmea Ha BMbB e usbsarsane oT mocTposiBaHe Ha ThOILIEIIOBA MaTpHIla U

MOJIyyaBaHe Ha CHEKTPTHUSA (GAKTOP C TOYHU CTOUHOCTH.
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I'naBen Hedocmamoek Ha BMB e mojnHeliHaTa CXOMMOCTAa IPHW pasjiaraHe Ha Iapa —
EpMuUTOBHM MOJMHOMU € KPaTHU W/WUJIM MHOTOKDATHH HYJIM, KOETO He rapaHTHpa MOJIydaBaHETO Ha
crekTpasieH dpakTop (rmpousBenenue Ha /[obewu 4 QYHKINA).
5.2 IIpwio:keHue Ha OPTOTOHAJIHU MYJATH(PUWITHPHU GaHKH
5.2.1 PaszpaGoTrBaHe W NpUWJIOKEeHHE HA JUPTHUHI cxemMa Ha (PUWITHBP Ha AJmepT.
JuaaudHa aNMpPOKCUMAanuAa Ha V3 3a 2D curHaam

[Ipu pazpaboTBaHETO Ha XapjlyepHa peanu3amus Ha MyJITAQUITHD € HeoOXOAUMO BXOIHUS
CUTHAJI /1a ce MpeoOpa3yBa BbB BEKTOPEH KAKTO U PUITHPHUTE KOeDUIIUEHTH /12 ObZIaT KBaTyBaHU, T.€.
Ja ObAe HampaBeHAa [uaAnMYHA amnpokcumarus. [loaxozsmia CTPyKTypa 3a peajqu3anus Ha
MyATAQUIATHD e audTUHT cxemaTa [134]. Tsa e paspaboTeHa 3a mocTposBaHe Ha MYJITUGWITHD Ha

Aunmiept OT aBTOpa 3a MPBB ITHT B [89].

.HI/I(i)TI/IHI‘ cxXeMaTa Ha aHaJIu3upalaTa 4acT ¢ BXOJEH BEKTOp X ={X0, X1 X5, X3} Ce OIInCBaA 4Ype3

ypaBHEHUATA:

y, =t =X +X%,
t =% —X
1 3 L= XX
- _- Y , KBbJIETO . (5.10)
Y2 2J[°Jr 2 L+l t, = X, + /3%,
3 1 t; = 4x
y3:§to+atl—\/§t2+t3 T

A

JIudTHHTr cxemara 3a BB3CTAHOBABAINATA YaCT ¢ u3xojeH Bektop X ={X,,X,X,,%;} ce omnucaa

4ype3 ypaBHEHUATA:

- =Y,
t1:y1

X, =1 + %,
1 3
%, =t, — /3%, KBIETO  t =y, +—t, _%tl . (5.11)
N
Ry = V3, 1
P4 L=y, 2t0+5t1+‘/§t2

5.2.2 CpaBHHUTEJIEH aHAJIU3 HA TPH OPTOTOHAIHH MyJTUPUITPHU 3a 00e3lIyMsaBaHe Ha
N300pakeHNsA ¢ HUBO HA CHBO

O0e3mIyMsaBaHETO € OT Hall—yecTuTe 0O0pabOTKU Ha curHasu. ToBa e mporec Ha HaMaJIIBaHe WIH
oTcTpaHsiBaHe Ha aguTuBeH Osi1 T'aycoB mym (ABI'I), e~N(0,02) KbM OPUTHHAJIEH CUTHAT S W
moJIyyaBaHe Ha 00e3IIyMeH curHas $ . 3amasBaHe XapaKTepUCTUKUTE Ha OPUTHHATHUS CUTHA U3UCKBA
nmpujaraHe Ha TMOAXOZAAINAa TeXHUKAa 3a 00e3lIyMsBaBaHe, HaNpUMep, MYyJITUyeHBIeTHATA
TpaHcopmaruss O . T KoHIeTpUpa eHeprusTa Ha BXOJAHHSA CUTHAJI B HSKOJKO YeWBJIETHH
koe(UIIMEHTa, a €eHePTUATa Ha IIyMa B IOJJIEHTUTE, KOATO € ¢ 'aycoBo pasmpesenieHue. ToBa maBa
BB3MOKHOCT TPHU 3a7aJieH mpar “Mek” Wih “mespd” MaJIKUTe YeHBJIETHU KOoe(UIIMEHTH Ja ObaaT

HaMaJICHU WIN aHyJIMpaHU.

MyntuyetiBinetHa Tpancopmanusa ©® c npe—buatbp M U CUTHAI C IIyM S =S+ & ceonucsa c:
OMs = OMs + OMc . (5.12)
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YHUATO KOPEJIAIUs MeXy YeHBIETHUTE KOe(PUIIMEHTH C TEXHUTE ChCEIHU upe3 6s10koBe Y j €
qi _ i j
d)=d) +f/. (5.13)

upes ckanapHuTe croiinoctu w, =+/(d))"Y"d} BBpxy, KOMTO Ce mprarar [48]:

| )
~  |d] == w! >4
> Mek mpar di=<"" o] e (5.14)
0,0} <A
~ [di,wi>2
> TBBPJ IIpar d/=17" “ . (5.15)
0,m) <A

Ob6e3IIyMsABaHETO C MEK IIpar BOJHM /IO MO-TVIAJIKK KOHTYPH U HaMaJieH edeKTa Ha mceBno—I'ube
dbenomena. OO6e3lNIyMsiBaHETO C TBBPJl Ipar 3amas3Ba JIeTAWIHUTE KOe(pHUIMEHTHTE Ha BUCOKHUTE
YeCTOTH, 33/TbpPrKa MO—/100Pe JIOKATHUTE XapaKTEPUCTEKH Ha KOHTYPUTE B NU300paKEHUETO, U € yAo0eH
3a IIyM C BHe3aIlHu mpoMeHu. HefocraThbk e mosiBaTa Ha iceBao—['ubc ¢peHomeH.

B ToBa m3ciie/iBaHe MpaBUiIaTa ce CpaBHSBAT /iBa mpara “mMek” u “ mespd”. Haii — Bucok PSNR e
MOJIy4eH 3a TBBPJ, Ipar ¢ MyaTUGUWITHP Ha AJIepT, AOKATO 3a MekusA npar — ¢ GHM mysntuduirsp.
5.2.3 CpaBHUTeJIEeH aHA/IU3 HAa OPTOTOHAJIHHU CKaJIapHU H BEKTOpHH GmiTpu 3a
KOMIIpeCHsI HA aCTPOHOMHWYECKH U300paKeHusA OT CKaHUPaHU ¢GoTorpadcku miaKu
Upes u3mno3BaHe Ha cKajapHUTe QUITHPHU OaHKU Ha Xaap u JlobGemu 4 ca MOCTPOEHU BEKTOPHUTE
Xaap—tonoben (Haar-like) u /lo6emmn 4— momo6en (Daubechies 4-like), kouTo ca mpuaoskeHu 3a
KOMIIpecusi Ha acTPOHOMHUYECKH H300pakeHUs OT ckaHupaHu ¢ororpadcku minaku (COII) [88].
KauectBoTO Ha KOMOpecus e cpaBHeHO upe3 CKI' u IICIITH .

Kommpecusi ¢ n06po KadyecTBO € TOCTUTHATO C BeKTOpHUTe Xaap— u [obemwu 4-1momo0HU
bunTepHu 6aHku. M3KIounTesTHO epeKTUBHA KoMmpecus e Xaap—IojobHa ¢uiaThbpHa OaHKa 70 5
HUBA Ha pasJjiaraHe 3a N300paKeHUs ChC CUJTHO HETJIAJIKU 00J1aCTH C pABHOMEPHA UHTEH3UBHOCT.

B 3aksroueHue, KOMIIpecHss Ha acTpOHOMHUYecKH u3obpakeHus ot COII upes mexopeupanus ¢
MyJATHQUIATPH B3aBUCH OT TMpe- U mOcT-puiTpanusATa, OajlaHCHMpAHOCTAa, JABb/DKAHATA Ha
MyJITUQDUITPUTE, U IPUTEKABAHETO HA T00pU MYyJITU(DUITHPHU CBOHCTBA.

5.3 EkcnepuMeHTaATHO U3CJIeBaHE HA MOAY/JIU 0€3 YMHOKeHHue 3a 5/3 ¢puarbpHa 6aHKa
peasiu3dupaHu BbpXy IpenporpaMupyeMa HHTerpajHa cxeMa

ABTOpCKHUTE MOy 0€e3 YMHOKEHUE ca M3I0JI3BaHU 3a pa3dpaboTBaHe Ha OMOPTOTOHAJIHA 5/3
dunTrpHa 6aHKa ¢ MepheKTHO BH3CTAHOBSIBAaHE peaJM3UpaHa BBHPXY MpenporpaMupyeMa Jorudecka
uHTerpanHa cxema (ITJIVC) (Field programmable gate array (FPGA)) Ha dupmara Xilinx oT cepunre
Virtex u Spartan KouTo uMaTt UHTErpupaH codTyep 3a MPOEeKTUPaHe HA IU(PPOB Xapyep.

Xap/yepHuTe XapaKTEPUCTUKUA HA MOJIYJIUTE 32 aHAJIN3 U BH3CTAHOBSBAHE Ca IOKA3aHU Ha
Tabs.5.3. Te ca TecTBaHW 3a JBa CHTHAJIA C PA3JIMYHU JB/DKUHHU 32 €IHO HHUBO HAa pasjiaraHe u
Bb3cTaHOBsIBaHe [85]. I'pemkuTe mpu BBH3CTAHBSBAaHE CAa HYJIEBU KOHCTAaHTH, KOETO JIOKa3Ba, Ue

dunTrpHaTa 6aHKa e nepEeKTHO Bb3CTAaHOBABAIIA.
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Taou1. 5.3 Xapayepau FPGA xapakTepuCTUKH Ha MOAYJIUTE O€3 YMHOKEHHE 32 aHATU3 U

BH3CTAHOBsIBaHE Ha OMOpPTOrOHAIHA 5/3 duaThpHa 6aHKa [85]

Mopaya Anains Moayn Bp3craHoBABaHe

FPGA: Virtex E xcv200e-pq240-8 | FPGA: Spartan2 xc2s150-fg256-6

# Work frequency (MHz):100 # Work frequency (MHz) :100
# Registers : 30 # Registers : 21
8-bit register : 30 0-bit register : 21
# Adders/Subtractors : 5 # Adders/Subtractors : 6
8-bit subtractor: 1 9-bit adder : 6

8-bit adder: 4

5.4 Pe3yaratu u U3BOAH

IIpencraBenure B [1asa 5 pes3yiaTaTH ca CJAe[CTBHE HAa U3IIbJIHEHHETO Ha H3CJIe/loBaTesICKU
3a7iavya 6 Ha mucepranuAaTa. Te mokassar, ue Osp3us memod Ha bayep 3a pa3inKa OT KJIACUYECKUS
HaMupa cKajapeH (MaTpUUYeH) creKTpasieH (akTop ¢ TOUHU cTOHOCTH 6e3 XoJiecKu pasjiaraHe Ha nxn
TroIuienoBa MaTpuIia ¢ rojieMUu pa3MepHu.

3a uz30sATBaHEe Ha HekesJaHW JedeKTH NMpu oOpaboTka Ha HM300pa’keHWe ¢ HUBO Ha CHBO C
OanaHcUpaH WM HeOTAHCUPAH MYIATUPUITHD € HABJIHO JOCTaThYHO 3—OWTOTO KBaHyBaHE Ha
koeuIEeHTa V3 .

IIpu 06e3uIyMsABaHE HA TECTOBU M300pasKEHUs C HUBO Ha CHUBO OaJlaHCHPaHUs MYJITUGWITHDP Ha
Annept, BBIIPEKH IO—KbcATa CU AbJDKUHA U no—Masnkua KY, nocrura no—sucoko IICIITH B cpaBHeHUe
¢ GHM wu CL wmynrtuduntpu. Hemo mnoBeue, 3a wuzoOpakenme 'Lizard u O6anaHcupaHus u
HebOaslaHcupaHuA GUITHP Ha AlnepT nokassat Hail—o6pu [ICIIIH.

Kommpecusta Ha actpoHoMuyecku n3obpaxkenne Ha COII upes ckanapHaTta GuiaThpHa OaHKA
Ha Jlobemu 4 Bogu HUCHK TICIITH opajy 3aBUCUMOCTA OT CTPYKTypaTa Ha ISJIOTO U300pakeHue.

Kommpecusita ¢ Xaap — momoben (Haar - like) m [lobemu — momoben (Daubechies - like)
MyJATHQUATHPHU OaHKU TocTuraT mo-Bucoku IICIIIH 3a actpoHOMuuecku n3obpaskenue Ha COII ¢

pPaBHOMEPHA UHTEH3UBHOCT U ChbPKAIIH JIOKAJTHU 00EKTH C TOJIEMH 00JIaCTH.

HayuyHO — NpWIOKHU pe3yJITaTH, IOJy4YeHH NPU U3IIbJIHEHUE Ha 3ajaua 6:
1. PazpaboTtenu ca Ba HOBU aBTOPCKU CYIIEPKOMIIAKTH OPTOTOHATIHU MyJITUGUATPH [T.5.1.4.2(A)].
2. PazpaboTeHa 1 u3cje/iBaHa € aBTOpCKa JUPTUHT cxeMa Ha MyJITUDUITHP Ha AJIIEPT ¢ 2- U 3-OUTOBO

KBaHTyBaHe Ha V3 3a u306paskeHue ¢ HUBO Ha CHBO [T.5.2.1].

IIpwioKHU pe3yjaTaTH, MOJIy9Y€HHU IIPU N3IrbJIHEHVIE HA 3aaJa 6:

1. M3ciieiBaHu ca YMCJIEHHUTE TPEIIKHW 3a JBaTa MeTojaa Ha bayep Ha marabuparure QyHKIUA Ha
Xaap, /lobemn4, u MyTuMaInadoupaia GyHKIuA Ha Aymnepr. [T.5.1]

2. Uscnenan e BMb 3a cenem napa-EpMuHOBH MTOJIMHOMA Ype3 U3IMOJI3BaHE HA YHCJIEHH MeTomu (Ha
HenoABM:KHaTa Touka u Ha HiotoH). [T. 5.1.4.2 (A)].

3. UscnenBanu ca yuciaeHHUTEe rpemku npu pemaBane HMY upe3 OJIAYP 3a 14 Bepcun Ha Matlab

(‘dare’ u ‘idare’) u Maple 17 (‘dare’). [T. 5.1.4.2 (B)]
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4. PazpaboTena u usciefBaHa € aBTOpPCKa JHUMTHHT cxeMa Ha MyATUQUITbpHA 0aHKa Ha AJIEPT ¢
PasIMYHO KBAHTYBaHE Ha Koe(pUIMEHTa V3 3a aHAIU3 U Bb3CTAHOBABAHE HAa M300pakeHUe ¢ HUBO Ha
cuBo [T1.5.2.1].

5. M3cienBanu ca opToroHasHute My atuduiTbpHu 6anku Ha CL, GHM, u Anmeprt 3a o6e3iiymMsiBaHe
Ha U300pakeHUsI C HUBO Ha CHBO C pa3Mep 256x256 U 512x512 MUKcesIa ¢ afuTuBeH 05171 ['aycoB miym
(ABT'II) u gucnepcus (o = 10, 20). [T1.5.2.2]

6. V3cnenBanu ca ckajiapHu QuaThbpHU OaHku Ha Xaap u JloOemw, mynatuduiatpure Ha Xaap —
monoben (Haar-like), loGemu—momoben (Daubechies- like), m GHM 1npu KoMmmpecus Ha
aCTPOHOMHYECKHU N300parkeHus: oT ckaHupaHu pororpadceku mwiaku (COII). [1.5.2.3]

7. Peanusaupanu ca Moaysnnte 0e3 yMHOXKEHHE BBPXY NpenporpaMupyeMa HWHTErpAJIHA CXeMH Ha
dupmara Xilinx ot cepuure Virtex u Spartan 3a mepdekTHO BB3CTAHOBSIBAIlA OMOPTOTOHATHA 5/3

¢dbunTbpHa 6aHKa [T.5.3];
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SAK/IIOYEHUNE

B nucepranusTa ca wacieaBaHW TpoOJeMU CBBP3aHH C HOBH METOAM 3a pa3paboTBaHe Ha
Marnabupany Wik MyJITAEMAaIadbupany QyHKIUH.

PaspaboTenu W u3caeABAHU ca YETUPHU SBHHU W MPOCTH METOZa JOKa3Ballld XHUIIOTe3aTa, Je
MyATOWITHPHUTE OAHKU MOXKe Ja OBbAaT IOCTPOEHH OT pa3judyHU 0a3vicHU (GYHKIUU (IIOJTMHOMH,
CIUTaHU) W TPOW3BEAEHUs Ha MaTpuueH (GUWITHD Ype3 CIEeKTpPaJHO passyaraHe. IIpencraBeHUST
aHaIN3 Ha pa3zpaboTeHuTe U MPUJIOKEHN METOU ca HOBA 00JIaCT Ha pa3BUTHE HA yelBJIeTHATA TEOPUSL.
Toli maBa BH3MOXKHOCT JIa Ce IpWaraT M JPYTH IOJMHOMH U CIUIAMH (QYHKIUM HepasIyieflaHUu B
JIMCEPTAIUOHHUS TPYA.

Tosissmo BHUMaHUe e 00bpHATO Ha pazpaboTBaHeTO Ha OGBHP3UsA MeToZ Ha bayep 3a criekTpaaHo
passiaraHe Ha napa-EpMHUTOBU MOJIMHOMU Ype3 KOUTO ce n3bsrBa XoJiecKu passaraHe Ha ThoIuienoBa
MaTpHuIla C ToJieMH pa3Mepu. ToH e mMoJie3eH 3a pelllaBaHe HA MHOTOMEPHU CHHTYJIAPHU Iapa-
EpMuTOBH MaTpUYHU IMOJTMHOMH KAKTO M 32 HAMUPaHe Ha OPTOTOHAJIHYU MyJITUMAIabupaniy QyHKITUH
Cc ’kejlaHa TyIajikocT. ToBa € JloKka3aHO ¢ H3CJ/Ie/IBaHe HA YHUCJIEHHUTE TPEIIKH Ha Aszopumma 1 U 2
MOJIyYeHH 10 MeToZla Ha HeINOJ[BM)KHATa TOYKa, MeToza Ha HioToH, 3a 14 Bepcum Ha Matlab (‘dare’ u
‘idare’), u Maple 17 (‘dare’).

3a obesurymsBaHe W KOMIpecuss Ha H300pakeHUs C HUBO HAa CHBO U ACTPOHOMHYECKH
n3obparkeHus OT ckaHupaHu ¢ororpadcku 1wiaku (CPII) ca uscienBaHu ckajapHUTE (QUITHPHU
6anku Ha Xaap u JloOemn, opTroroHTHU MyATUQUITEPHU 6aHku Ha Xaap — mogoben (Haar - like),
Jlo6emu — momoben (Daubechies - like), CL, Annept, u GHM.

3a 1a moxke /a ObAAT JecHH U yAOoOHU 3a IpHJIaraHe, KaKTO OT CTYJEHTH TaKa U OT HAyYHU
paboTHUIY, pa3pabOTBAHETO HA YETHUPUTE METO/IA CE OCHOBAaBA HA OCHOBHU IO3HAHUSA 110 MAaTPUYEH U
(byHKIMOHAIEH aHAIN3, eJIeMeHTapHa Teopus Ha GUITHPHU OaHKU, 1 6a30BU Mmo3HaHUA 1o Matlab u

Maple.
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Bb3MOXKHOCTH 3A BBJIEIIIO PASBUTUE

ChBpeMeHHaTa 00paboTKa HAa CUTHAJIU MPETHPIsIBA ObP30 Pa3BUTHE KAKTO B aHAJIOTOBATA TaKa
U B JIUCKpeTHATa obJiacT. B 4acTHOCT yeiiByieTHaTa TeOpUsl € OCHOBA B MHOTO HAayYHHU U3CJIEBAHUSA B
MHOTO 00JIaCTH.

ETo 3a1o, HOBO HampaBJieHHe 3a OBAEI0 pa3BUTE ca pa3pabOTEeHUTe TPU TUPEKTHH METOH 3a
IIOCTPOsIBSIHE HAa MYJATU(PUITPU KakKTO U OBp3Us MeTo/la Ha bayep 3a cIleKTpajlHO pasjiaraHe Ha
MHOTOIIPOMEHJIMBU Mapa—EpPMHUTOBM MaTpUYHU MOJIUHOMU. BKIIIOUBaHETO UM B CMECEHH CHCTEMH 3a
ob6paboTka KaTo byI00K0 oOyuenue (deep learning), pasmura soruka (fuzzy logic), u ap. moxke ga
JloBeZle A0 TojmoOpsiBaHe Ha  00e3lIyMsABaBAaHETO, KOMIIpecHATa, WJIM  aHajaW3a  Ha
eTHOMEPHH/MHOTOMEPHHU CUTHAIU B 00JIacTa Ha TOJIEMUTE JaHHU.

JIpyro HOBO HampaBJieHHe 3a OBEI0 pa3BUTE € pa3pabOTBAHETO U M3CJIEIBAHETO HA JTU(PTUHT
CXEMH U TEXHHUTE cOPTYEepHH WU XapAyepHU pealn3allii Ha HOBU OPTOTOHAJIHU MYJITU(DUITPHU.

B ToBa HayyHO u3cjIeiBaHE HAKOW OT pe3yJITaTUTE ca ITOCTHTHATH IpU 00pabOTKa Ha TECTOBU
n300pakeHUsI ¢ HUBO cMBO. HO B ChbBpEMEHHHAT CBAT M 0COOEHHO B KOMYHUKAIIUUTE ce 00paboTBaT
RGB wusob6paskenusi. CiiezoBaTesHO, JIpyrO HalpaBjieHHWEe 3a OBENI0 pa3BUTEe € pa3paboTBaHe WU
WU3cJIeZIBAaHE HA TPEJUMCTBATA M HENOCTAaThIUTEe HA MyATUGUITpUTE TPU 0OpaboTKa Ha IIBETHU

n3o0paskeHue WiIu BUEO.
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HAYYHUN 1 HAYYHO-ITPWWIO2KHU ITPMHOCH B IMCEPTAITMOHHUA TPY /]

Hayuysnu npuHoOCHU

1.

PazpaboTeHn ca Tpu MeTo/ila 3a AWPEKTHO IIOJlydaBaHE Ha CKAJapHU U BEKTOPHU
dyskuu: cmaHa Ha Oasumca [T.2.1], gupexkTeH Meron [T.2.2], ¥ MeTOA HA BBHHIITHO
CKaJIapHO IIpou3BeJieHue [T. 2.3].

PazpaboTeH e aBTOPCKO IMPOou3BeeHNEe Ha MaTpuyueH QUIThP Ha Amept [T. 3.1].
Pa3paborenu ca ABa aBTOPCKU OPTOTOHATHU MyJITUMAmabmpamu (yHKIHU C TOYHU
CTOMHOCTH upe3 MeTona Ha BMDB 3a cmekTpasHO pasjiaraHe W TEXHHUTE JIOIbJIBAIH

OPTOTOHAJIHU MYJITUYEUBJIETHU GQYHKIMU [T. 5.1.4.2 (A)];

HayuyHO — NpWIO:KHYU NIPUHOCH

1.

Paspaborenu ca mamabupamy u MyITuManabupany GyHKIUYA OT JuHeeH B — crutaiiH
[T. 2.1.3.1, T. 2.2.1, u T. 2.3.1], KBagpatuueH B — ciuiaiix [T. 2.1.2.1, T. 2.1.3.2], KyOuueH
EpmuroB crutaviy [T. 2.1.2.2, T. 2.1.3.3, T. 2.2.2, ¥ T. 2.3.2], KBUHTUK EpMHUTOB CIUIaliH
[T. 2.1.3.4], u JlexxaHABp MOJUHOMU [T. 2.1.3.5, T. 2.2.3, U T. 2.3.3] Upe3 U3M0JI3BaHE HA
paspaboTeHuTe MeTOZ Upe3 CMsHA Ha 0asuca, AUPEKTEH METOJl, U MEeTOJ  upe3
BBHIITHOTO CKaJIADHO IIPOU3BEJIEHHUE.

PaspaboTrenu ca asmopcku uucaeHHu memoda 3a pemraBane Ha HMY upe3s KiracHyecKus
u 0bp3 MeToa Ha Bayep 3a cnekTpasiHO passarane (Asnzopumosm 1 - 3a U3UHUC/ISIBaHE HA
6bp3 Meroz Ha bayep [T.4.2] u Anecopumesm 2 - 3a U3UUC/IABAHE HA TOYEH METOJ Ha
Bayep [T.4.2]), cpaBHUTeIeH aHAIU3 Ha BrpajeHure GyHkiuu ‘dare’ u ‘idare’ B Maple u
Matlab 3a pemaBane Ha OJIAYP, u ca mojy4yeHU OPTOTOHAJIHH MYJITHMAIAOHpaIH
GyHKIMU MO MeTo/la Ha HENOJABMIKHATA TOYKAa M Meroza Ha HwToH [T1.5.1.4.2(A)],
[T.4.3.1] - [T.4.3.3], [T.4.4], u[T.4.5.1].

Paspaborena u u3scie/iBaHa € aBTOPCKA JUQPTUHT cxeMa HAa MyaTUGUITHpHA O0aHKa Ha
AJITepT ¢ pasjIMYHO KBaHTYBaHe HAa KoeHIMEeHTa V3 3a aHaIu3 U Bb3CTAHOBABAHE Ha
n300pa’keHre ¢ HUBO Ha CUBO [T.5.2.1].

Peanusupanu ca mopnysnute 0e3 yMHOKeHHE BBHPXY IIpelporpaMupyemMa HHTerpaHa
cxemu Ha pupmata Xilinx ot cepuure Virtex u Spartan 3a mepheKTHO Bb3CTaHOBSBAIIA

ouoproroHasiHa 5/3 ¢uiaTbpHa OaHKa [T.5.3].
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