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1. The concept of f-divergences

Let F be the set of convex functions f:[0,00) — (—, ) which are finite on

(0,00) and continuous at point 0(f(0) = limy,, f(w), F, = {f € F f(1) = 0}.
Further if f € F, then f* is defined by
uf (l) for u € (0, ),

lim —= for u=0,
vooo P

is also in Fand is called the *-conjugate (convex) function of f.

Definition 1.1. Let
(1.1) Ap={(Pyp2 - P):pi =0,i=12,...,n,YX p;=1},n=23,..
denote the set of all finite discrete (n-ray) complete probability distributions. For a
convex function f € #, the f-divergence of the probability distributions P and Q is
given by



(12) P, =Xy ai f (%)
where P = (py, P2, .., Pn) € Ay and Q = (g4, Gz, -, qn) € Ay. In A, We have taken
all p; >0. Ifwetakeallp; > 0fori=1,2,..,nthen we have to suppose that

0ln0=01In (g) = 0. It is generally common to take logarithms with base of 2, but

here we have taken only natural logarithms.

These divergences were introduced and studied independently by Csiszar
[5, 6] and Aliand Silvey [1] and are sometimes known as Csiszar f-divergences
or Ali-Silvey distances. The f-divergence given by (1.1) is a versatile functional
form, which with a suitable choice of the function involved, leads to some well

known divergence measures. Some examples as f(u) = uln u(f*(u) = —Inu)

provide the Kullback-Leibler’s measure [13], f(u) = |lu — 1| = f*(u) results in
_1\2

the variational distance [12], f(u) = (u —1)? (f*(u) = %) yields the

x? divergence [15] and many more. These measures have been applied in a variety
of fields, such as economics and political science [18, 19], biology [16], the analysis
of contingency tables [7] , approximation of probability distributions [4, 11] , signal
processing [9, 10] and pattern recognition [2, 3, 8]. The f-divergence satisfies a
large number of properties which are important from an information theoretic point
of view. Osterreicher [14] has discussed the basic general properties of
f-divergences including their axiomatic properties and some important classes.

The f-divergence defined by (1.2) is generally asymmetric in P and Q.
Nevertheless, the convexity of f (u) implies that of

1
= ur(;)
and with this function we have
I (P,Q) = I-(P,Q).
Hence, it follows, in particular, that the symmetrised f-divergence
(P, Q)+ I;(Q,P)
is again an f-divergence, with respect to the convex function f(u) + f*(w).

In the present work, we have established new information inequalities
involving f-divergences using the convexity arguments and some well known
inequalities, such as the jensen inequality and the Arithmetic-Geometric Mean
(AGM) inequality. Further we have used these inequalities in establishing
relationships among some well-known divergence measures. Without essential loss
of insight, we restrict ourselves to discrete probability distributions and note that the
extension to the general case relies strongly on the Lebesgue—Radon—Nikodym
Theorem.

2. Information inequalities

Result 2.1. If ¢:(0,0) — R is convex, then the function

V1 (w,v) = vo (uz-;v>

of two variables is convex on the domain (u, v) € (0, )2
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Proof. Consider A € (0,1) and two points x; = (u;, v;) from the domain of
the function ¢. For

B Avy d t_ui+vi
W_)lv1+(1—/1)v2 an P

we get p(wty + (1 —w)ty) S w @(ty) + (1 —w)e(ty),
so that

2vl-

G+ (1= D) </’lu1 +(1-Du, + v, + (1 - /’l)v2> <

2(Av; + (1 — Dvy)
u, + v1> (uz + vz)
< —
< Avlq)( 20, + (1 - Vv, v,
or, equivalently ¥ (Ax; + (1 — A)xy) < AP (xy) + (1 — D) e(x,) which completes
the proof.
Result 2.2. If ¢:(0,00) — R is convex then the function

llin(u,v):v(p( ),n>0,

of two variables is convex on the domain (u,v) € (0, )2
Proof. The proof follows on similar lines as in the previous result except the
choice of t;which can be taken as

u+nv
(n+1)v

¢ = Uu; + nv;
P (n+ Dy’
We, therefore have the following divergence functionals of f-divergence type:

_yn , g(Pitng
(2.1) Iy (P, Q) = Xiza @if ((1+n)qi)

where P = (py,pz, ..., Pn) €A, and Q = (q4,qz, -, qn) €A,. For n = 0, the
function (2.1) is reduced to the Csiszar f-divergence given by (1.2). Replacing n by
1/nin (2.1), we obtain

itdi
(22) Ly P = Sy aof (o)

(1+n)q;

n>0.

Relationship with Csiszar f-divergence follow.

Result 2.3. Let f:1 < [0,) — R be a differentiable convex function on the
interval I, x; € I (['is interior of 1). Further we assume that f(1) = 0. Then for
all P,Q € A,,we have

(2.3) It ansy(P, Q) < 5 Iy (P, Q),

(2.4) If(;)(P. Q) S%(Q@(RQ) + If(P:Q)>

2n+1
where I:(P,Q) and Iy (P, Q) are measures given by (1.2) and (2.1) respectively.
The equality holds in the above inequalities if p; = g; for each i.
Proof. LetA = (14,4, ...,4,) € A,. Then it is well known that
(2.5) fEEAix) < Zitq Aif (xp).

If f is strictly convex, then the equality holds if and only if all x;=X,=... = X,.



The above inequality is famous as Jensen inequality. If f is a concave function, then
the inequality sign will change. If we assume 4, = 4, = % with all other A;s zero,
then we obtain

(26) £ (B22) <216 + F ()]
Choosing x; = x and x, = 1, we obtain
(2.7) f (“2-1) < %[f(x)] since f(1) = 0.

% in the above inequality, multiplying by g; and then

summing over all i, we obtain
A choice of x; = %and x, = 1will give 21;3)(P,Q) < Ir1)(P, Q).

Substituting x =

A choice of x; === and x, = 1 will give 2L (P, Q) < I3 (P, Q).
Finally a choice of x; = % and x, = 1 will yield (2.3).
Combining the above choices of x; and x,, we obtain
2 Legnia_g) (P, Q) < 2™ Ip(an_1y(P, Q) < . < 161715)(P,Q) <
<8I (P,Q) < 41s3(P,Q) <21p1)(P,Q) < Ir(P,Q).

A X +
Also a choice of x; =3

given by (2.3) and (2.4) can be used in establishing relationship among some well
known divergence measures. For example, if f(u) = —Inu andn = 0 in (2.3), we
obtain

n 2q;
-ln( )_ Z ln( )Wthh ives F(Q,P) <= K P
Zizlql ot ai) =220, g @Q,P) @, P).
Here F(P,Q) and K(P,Q) denote the Relative Jensen-Shannon divergence
measure [17] and the Kullback-Leibler divergence measure [13] respectively.

3. Parameterization of f-divergences

Let us consider the set of all those divergence measures for which the associated
convex functions f satisfy the functional equation

(31) f=uf(2)
and for which f(1) =0 (i.e.,f € ]Fo) Now for any such solution f, set

(3.2) gu) = 1)2 f(u) for u>1and

(p(t)=g((t t2+1) )for t>1
(and define (1) arbitrarily). One can easily check that

o(572) = ol

therefore, if u > 1,

6



_(u—l)z _(u_l)Z l _(u—l)z u+1
0= 0 = S (asfu ) - S22 ()
and, ifu < 1,
_ 1\  (u—1)? _(w-1)? 1
0= )= 420 s O )
_(w—-1)? (u + 1)
B u1/2 v 2u1/2 .

Thus (3.1) holds (obviously, also for u = 0) for the function ¢(.) defined by
(3.2). Therefore, it is very much clear that every solution of (3.1) satisfying

f(1) = 0 can be written in the form
(u—1)>? <u + 1)
v 2u'2
for a suitable ¢ (.).
We, therefore consider the following symmetric divergence functional
n i-q)? pitqi

u —
fw=""5
Irp)(P, Q) = Xiz (pian) /2 f (Z(Pifh')l/2>.

u
It should be noted that (3.3) represents a parameterization of the set of all such
divergence measures which satisfy (3.1). But here the function ¢(.)can be both
convex and concave. Table 1 shows various choices of ¢(.) and the corresponding
divergence functionals.

(3.3)

Table 1. New symmetric divergence measures

S.
No o) f@) Iy (P. Q)
o = k -1 "o,
g (a positive constant) k ua kzi=1 (pl_qi)% EZ(P'Q)
—1D? u+ 1\ m(p = q)? it qi
L | e =, oD erly, P ( Pt ) - L,(P,Q),
' k=1,23,.. u’z \2u'l2 i=1 (pig:) /2 \2(piq;) 72
k=123,.. k=1,23,..
. w12+ 1w+l Z" (pi—qi)2< pita )kln< pita >=
— 1
3. (p(ku):_luz l3r1u, w2 (2u1/2> In <2u1/2)' i=1 (piqi)l/z Z(Pilii) /2 2(piqi)1/2
P k=123 .. =My (P,Q),
T k=1,23,..
u-1% u+1 m(p = q)? (pi+qi )
4. =1 -~ In[—— 1 =G(P,
¢Q) =Inu u'/z in (2u1/2) Zi=1 (pifh)l/z " 2(piQi)1/z "o
(U—1)2<u+1k ) m(p = q)? (Pi+‘h )k
=uk-1, | —((—) -1} —1]=Nc(P, Q)
5 | R 123 u'l2 (Zul/z) ZH P02 \\2(pig) 72 e
k=1,23,.. k=1,23,..

Result 3.1. Consider the measures E; (P, Q), L, (P,Q),G(P,Q) and My (P, Q)
as defined in Table 1. Then the following inequalities measures hold

(3.4)
and
(3.5)

The equality holds in the above inequalities if p; = q; for each i.

Ei(P,Q) < L1(P,Q) = L3(P,Q) = L3(P,Q) = Ly(P,Q) < ...

G(P,Q) < M{(P,Q) < M3(P,Q) < M3(P,Q) < My(P,Q) < ...



P r oo f To start with, let us consider the arithmetic-geometric mean
inequality given by

. > 1forallu > 0.
u
The equality holds for u = 1. In general we have
u+1 u+12 u+13 u+14
< — | <|\—) S|{—5-) £ -
2u /2 2u /2 2u /2 2u /2

which is equivalent to
2
(3.6) (u-1)>? < (u-1)>? ( u+1) < (u-1)2? ( u+1) <

1/2 - u/z 2u 1/, u/z 2u 1/,

(u—1)2<u+1> (u—1)2<u+1> -
W \ou'z) T ue \ou'l2) T
Substituting u —% in the above inequality, multiplying by q; and then

summing over all i, we obtain (3.4).
Again from (3.6), we have

(u—l)2 <u+1> (u—1)2<u+1

ul/Z 2u /2

u'l2 )
(u—1)2<u+1>2l (
a \2utz) T \2uts

(u—1)2<u+1> |
n
u/Z 2u Ya

<(u—1)2<u+1>l <u+1
< n|—-
u1/2 2u1/2 2u1/2

in the above inequality, multiplying by gq; and then

i
i

summing over all i, we obtain (3.5). It is interesting to note that

1 1
Li(P,Q) = EIIJ(P, Q)= E{XZ(P, Q) +x*(Q,P)}
where y2(P, Q) is the well known y? divergence [15]

Substituting u =

Result 3.2. Consider a differentiable function ¢(.): (0,) — R as defined in
(3.3). Then the following inequalities hold

3.7) @' (DN{(P,Q) < I;p)(P,Q) — p(DE{(P,Q) <
2
n (Pil/z - Qil/z) (pi — q)* ( pi + q; >
< z @' 1

i=1 2 (pia:) 2(p;q;) 72

if (.) isconvex, and
g2 2 ._g:)2 ’( pi+q§ )
pPi qi wi—ai) . /.

@9 L ™ <

< Irp)(P,Q) — o(DE{(P,Q) < ¢"(DN{(P,Q)
if (.) is concave.
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P roof. First we assume that the function ¢(.): (0,0) — R is differentiable
and convex, then we have the following inequality
(3.9) ')y —x) <o) —ek) <¢'(y)(y —x) for x,y €R.

Replacing y by pl—qf/ and x by 1 in the above inequality, we obtain
iqi) '2

, pi + qi i + 4i
@ (1)<l—1l/—1> < <p<l—{/>—<p(1) <
2(piq:) /2 2(pigi) /2
< o [Pitd )( pitqi
=® (2(piQi)1/2 2(piqi) /2 !
Multiplying both sides by and summing over all | in the above inequality, we
obtain (3.7).
In addition, if we have (1) = ¢'(1) = 0, then from (3.7), we have
.1/2_ .1/2 z )2
n (pl qi ) vi—aqi) ,( pi+qi )
(3.10) 0< Ifn(P,Q) < Xi4 D P~
Again if we assume that the function ¢(.): (0, ) — R to be differentiable and
concave, then the inequality given by (3.9) gets reversed and as such the proof of

(3.8) follows on similar lines as above.
Remark. The measure E; (P, Q) offers the following extension:

_won  lpi—qi|*t?
It (P, Q) = Xizq a7z ,a € (0, ),
which includes the variation norm for ¢ = 1. Note that
1 a=1
JAORS AN

By virtue of arithmetic-geometric mean inequality, we have

2 1
TEEG < 7 forallu >0, a € (0,0)
u /2
which is equivalent to
|u_1|0{+1 |u_1|a+1
D = o7 forallu > 0,a € (0, ).
pi

Substituting u = = in the above inequality, multiplying by q; and then

summing over all i, we obtain
Yr@)(P,Q) < If)(P,Q), a € (0, ).
Here 9, (P,Q) are a class of symmetric divergences studied by Puri and

Vincze which includes the triangular discrimination for a = 2.
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