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Abstract: We analyse and compare the effectiveness and the accuracy of the
existing methods for estimating the sensitivity of the solution to the nonlinear matrix
equations X + 4" X' 4 = 0 Object of the analysis are the perturbation bounds

concerning equations x + 4'x'4=0, as well as the methods related to the
estimation of the sensitivity of the solution to the equations xs + £*x~' 4= 0 for

the particular case, when s=1, t=1. We examine the behaviour and the

reliability of the bounds, proposed in nine sources, through experiments with nine
non-trivial numerical examples in both real and complex cases.
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1. Introduction and notations

Consider the non-linear matrix equations

(1) X+4"X'4=0,
and
) X-A"X"'4=0,

where 4 and Q (Q > 0) are 5 xn complex or real matrices, and 4" stands for the
complex conjugate transpose of 4 in the complex case and for the transpose of 4 in
the real case. The relatively wide field of application of the equations determines
the interest of the researchers in the existence of a positive definite solution and its
sensitivity in terms of conditioning and perturbation bounds. In 2001 Shu-Fang
Xu [13] using his earlier conclusion for well conditioning, obtains a perturbation
bound for the maximal solution of the matrix equation (1) and a computable bound

" This work was supported by the Bulgarian Academy of Sciences under Grant No 010093/2010.
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for approximate solutions. Subsequently, Ran and Reurings [11] give
perturbation bounds for the more general matrix equation x4 4* #(X)4=0Q-

where 77X/ is a map from #(m) into £(m) or —F(m), F(m) is the set of all mxm
positive semidefinite matrices; Ji-Guand Sun and Shu-Fang Xu [12] propose
perturbation bounds and explicit expression of the condition number for (1);
Konstantinov et al. [7], Hasanov and Ivanov [4], and HasanovVv [2]
evaluate perturbation bounds for equation X+A4*X'4=Q; Hasanov and
Ivanov [3], Ivanov [6], Boneva et al. [1] derive perturbation bounds for
equations X+ A4*X"4=Q; Jing Li and Yuhai Zhang [9] obtain explicit
expression of the condition number for the unique positive definite solution, as well
as evaluate perturbation bound and backward error of an approximate solution of
equation X—A*X?4=0; Xiaoyan Y in et al. [14] propose perturbation estimates
for the matrix equation X + 4*X 4 = Q. Usually the authors present their estimates
as “new” [6, 4, 14, 2], “sharper” [12, 9], “improved” and they illustrate their
arguments by numerical examples. As it is pointed out in [8] a perturbation bound
should be rigorous in the sense that its domain of applicability should be defined
and therefore known in advance, it should be sharp or exact in some sense and if the
bound is too pessimistic for some cases, this should be clearly stated.

In [10] an experimental analysis of the effectiveness and the reliability of the
existing perturbation bounds for the real and the complex generalized matrix
equation X°+ gA*X 4 = O, == 1, when s or ¢, or both are greater than 1, is given.
The experimental analysis is based on four examples, applied for eight different
cases of this equation: g=+1,s=1,t=-2;5=2,t=-2;5=2,t=3;5=3,t=2
and g=-1,5s=1,t=-1/2;s=2,t=-3;5s=1,t=3/4;s=1, t = 1/3. The models are
taken from the two preferred by the authors examples for effectiveness analysis of
perturbation bounds for this equation. Among the bounds considered in the paper,
the bound superior with respect to closeness to the estimated quantity and
comprehensive application is pointed out. The observed bounds properties hold true
for problems belonging to the class of the experimental models used.

As noted, historically equations (1) and (2) enjoyed considerable interest by
the researchers and there are several perturbation bounds proposed in the literature
now. In this paper, we intend to classify existing perturbation bounds for equations
(1) and (2) and to indicate areas of features and applications of the different bounds.
By means of numerical experiments, we present a comparison analysis of the
perturbation bounds for the matrix equations (1) and (2) proposed in [2-4, 6, 7, 9,
12-14] in sense of applicability and effectiveness. For the experiments we choose
the examples proposed by the authors themselves for projection the properties of
their own bounds. As the examples, except for the proposed in [7], relate to the field
of real numbers and matrices, for the purpose of completeness, in the experiments
we also include a modification of the examples for the case of complex
perturbations in the coefficient matrices of equations (1) and (2). The computations
are carried out on a PC with 2.61 GHz Pentium Dual-Core and machine epsilon
£=2.2x10"° using MATLAB (MATLARB is a trade mark of MathWorks). Section 2
is devoted to the brief description of the perturbation bounds, object of our analysis.
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For sake of convenience, the original notations are used. In Section 3, the numerical
examples are described and the results are listed.

Throughout the paper we use the following notations: R, and ¢ — the sets of
real and complex numbers, respectively; / — the identity matrix; [, — the identity

matrix of order n; vec(4)eC " _ the column-wise vector representation of the
matrix A€ C"™", where C"=C"™"; A®B=[A(k,])B] — the Kronecker
product of the matrices 4 =[A(k,/)] and B; P, e R"™ _ the so called vec-

permutation matrix, such that vec(Y T)=Pnzvec(Y ) for each Y e C'""; |||| —a

{

unitary invariant norm; |||| » — the Euclidean vector or the spectral matrix norm;

— the Frobenius norm; o = ||A . The notation

el i e

— = e
— = e =
— = e =
— = e =
— = e =

“:=” stands for “equal by definition”.

2. Perturbation bounds

Consider the perturbed non-linear matrix equations

3) X+A4'X'4=0,
and
(4) X-A'X"'4=0,

where 4= A+ 64 and Q =Q+00, 0>0 are the matrix coefficients in (1) and
(2) perturbed with small perturbations 94 and 60, respectively. The perturbations

in the coefficients lead to a perturbation in the solution X = X + 6X , if it exists.

We consider the perturbation bounds for equations (1) and (2) proposed by
Hasanov [2], Hasanov and Ivanov [3] and [4], Ivanov [6],
Konstantinovetal [7],JingLiand YuhaiZhang[9], Sun and Xu [12],
Shu-FangXu[l3]and Yin,Liuand Fang[14].

2.1. The bound of Shu-Fang Xu [13]
Theorem 2.1.1 (Theorem 3.1 from [13]). Let 4, 4, O, Q e C™" with Q and

Q Hermitian positive definite. If

_ 1 g~ 1 _ -
© e <5 - <531l Je I

61, <(3- ML), Je .
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then the maximal solutions X and X of the matrix equations (1) and (3) exist and
satisfy that

o B fid b
KL Lo Ik T,

The bound estyy1. is an elegant perturbation bound which calculation does not
require knowledge of the solution to the perturbed (3) or the unperturbed (1)
equations.

Theorem 2.1.2 (Theorem 3.3 from [13]). Let X approximate the minimal

xulla*

solution X of the matrix equation (1). If ||A|| 5 HQ’l ”2 < % and

“)?71”2 <2 ()? + A*)~(71A)71 , and the residual R()?):= X+A4X"'4- 0
2

satisfies that “R()N(J‘Z < [% - ||A||2“Q‘1 HzJ“Q_I‘ ;1 , then

) L O T N

hS =¢
Il 2 -t 1ok

2.2. The bound of Ji-Guand Sunand Shu-Fang Xu[12]

Let X be the maximal solution of (1), L be the linear operator LZ=Z — B'ZB, W be
the operator WZ = L"'(B"Z+Z'B), where B=X'A4. Denote [ = I1B|,, w= ||W||,

e 1 2
=] o= oo+l + S AP @ = [l sl + Al

Theorem 2.2.1 (Theorem 2.1 from [12]). If d < min{l,—(l — ﬂ)(?g i 'B)} and

(1-dy (1=d)(1- p)eg + B)-1d]

g[l+2ﬁ2+ld+2w/ild+,32il+ﬂ2i]’ ¢l+pYag + p)+id] |

then the perturbed matrix equation (3) has the maximal solution X , and moreover,

(8) “)? - XH < 2s =est

11+ e —d)+ 21+ e —df —4clell + p2)
2.3. The bounds of Konstantinovetal. [7]

The bounds apply to both equations (1) and (2). Rewrite equations (1) and (2) in the
equivalent form

9) X-cA'X'4=0, o ==%1.

£ <min

sunx03*
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Denote L=1,+ J(X’IA)T ® (A*X’l), M,=-L"=M, +iM,,,

M, -M
Ml() =|: Ir

M M

1i 1r

ll}’ M, = _UL_I(In ®(A*X_l))=M21r +iM
M., =— -1 ( -1 )T _ .
2 =—0L X A4) &I, P, |=M,, +iM,,;,
MO = My, + My, My, =My,
2 M, +M,, M, -M,,

21i 22i
fork 1=1,2,d=[d, ] =[j4], Joo],]-

0 0T 4,0
i|’M0:[ml<c)l]’ kaZHMk M, 5

21r

e [ocal bound
The local bound is

10 Jax], < mm{u 2028

) WV dTMOd }"r‘ 0(“d||2 ):: eStkonpap03a ’

e Non local bound

Let ay =est,onpapoza T ”M10H2§d22 . ay = ayd, + alzdzza
a, = a, +a,d, +a,d;,
a, = ((”L‘l(ln olax) +
ay =L (4" ® A7)
ay =[],
If d € Q, where
(1) Q= eR? :q, - Cay + 2\Jaga, + {(1—a)) <1},

then the non-local perturbation bound ||éX ||F < €8ty onpaposp 18 Valid for equation (9),

n 2

L‘l((X‘lA)T ® In)P

_ 1 2
}, s =lpril

s ay=raTer)p. (04

9
2

where  eStionpapozy 15 determined by
2a,

1—a1+§a0+\/(l—a1+§a0)2—4a0(a2+§(1—a1))‘

( 1 2) eStkonpap03b =

2.4. The bound of HasanovandIvanov [3]

Consider the unperturbed and the perturbed matrix equations

(13) X—-cdA"X"4=0,
(14) X-cA'X"4=0.

Theorem 2.4.1 (Theorem 6 from [3]). For ¢ = = 1 let X and X be positive
definite solutions of the matrix equations (13) and (14), respectively. If

£=1- 2|7 ], >0, then
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1 -~
as;foxly <o, + (), o] hotl = estn

Theorem 2.4.2 (Theorem 7 from [3]). For ¢ = + 1 let X and X be positive
definite solutions of the matrix equations (13) and (14), respectively. If

n=1- 2”)?" A| X" 4], >0, then
k=1

L+ HX 4

o]

1 =€Sthasiodb-

1 ~_,~
a6 fav], = fool, + 2|77

| o, + X

|

Corollary 2.4.1 (Corollary 8 from [3]). For ¢ = -1 let X and X be positive
definite solutions of matrix equations (13) and (14), respectively. If

n= 1—||A||zZt:HQ_IHI;HXk_(MAHz >0, then
k=1

1 ~ ||t
an fad, < ool +[0°, @, + el o, |estuen

Corollary 2.4.2 (Corollary 9 from [3]). For 6 =— 1 let X and X be positive
definite solutions of matrix equations (13) and (14), respectively. If

L~ 1k e
p=1- LS o[ > 0. then
=1
1 ~ ||
a9 vl <[00l +[0°. @l +1el, Yol | st
Theorem 2.4.3 (Theorem 10 from [3]). Let A, 4, Q,Q e C™" and Q,Q be
positive definite matrices and ¢ = -1. If & :g__”AHZ HQ’I :1 >0,
1
~ 1 ~ (ENON(on
|0-9, < (1—”«1/(1—9)2 ) [4-4) < | 29, then
> ol * o
2 2
equations (13), (14) with 0 = — 1 have unique positive definite solutions X and X ,
respectively. For these solutions it is satisfied that
1 ~ 1
09 ], < [lool, + @l +104, 3 [ Jo4, ] mestuanc

Theorem 2.4.4 (Theorem 11 from [3]). Let X be a positive definite solution
of the matrix equation (12) with ¢ = —1 and let X approximate X, so that
X-A'X"4>0.

t
-1
it v=1-|4,3 |
k=1

t+1-k

H)N(%AH >0, then
2 2
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(20) x|, < l”}? — A" X7 4= 0] =eStsion
14

2.5. The bound of Ivanov [6]

t—1

Denote the linear operator LZ :=Z7 —O'Z BZZBHH , B, =X D 4 and the
k=0

-1

operator WZ:=L" ((X_’A)*Z + Z*(X_’A)). Denote w =||W

g

é/lJrl
? d = 2—||64)(2ex + |54

1 t
= 100] + wloH] + £ |4 Z

)

V= 2le .
I(1+1¢e—td)+ P (1 + 16 —td ) —4ie(d +Pa’c™)
Theorem 2.5.1 (Theorem 2.1 from [6]). Let X be a positive definite solution

of (13) with 0 =— 1. Assume that
(i) the operator L is invertible,

(i) d <1,
t

(i) £ < - I(1-td)’
06 1w ltd + 202 4 21 + 12 Nied + 102 ™)

Then the perturbed equation (14) with ¢ = — 1 has a positive definite solution
X and

(21) ||5X || < v, =estiyao0sa.
! +
Theorem 2.5.2 (Theorem 2.3 from [6]). If 6 = ’(tj —||A||21/HQ‘1 ;1 >0,
t+1)7"
then there exists a unique positive definite solution X of (13) with ¢ =— 1 and the
t+1
solution has the property HX_luz < THQ_I“z If

(i)  the operator L is invertible,

1 Vie+1)™ —\/z C’?ae for gqu_l
o] ]

i) £<- (1-ud)’
1 1+ itd + 2t + 2( + 10 Nitd + 1)

(iv 1—2 <o o ¢ =

(i) d<min

5
2

b

5
2
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-

W o] <min| - (1-rfi—g) it izev. !
(-0}

o ¢ el

then there exists a unique positive definite solution X =X +68X ofthe perturbed

= t +1~
equation (14) with ¢ =— 1. For the solution it is fulfilled that HX N 0!
and
(22) HX — XHF < V., =€Stiva05b-

Theorem 2.5.3 (Remark 2.2 from [6]). From Theorem 2.1 the authors get a
first-order perturbation bound for the solution X:

(23) “)N( —XH <&+ O(“é'A,5Q|| ) est. as 04— 0, 00 — 0.

Theorem 2.5.4 (Theorem 2.4 from [6]). Let X be a positive definite solution
of (13) with ¢ = 1. Assume that
(1) the operator L is invertible,

(ii) d< 1, and
t

iva05c

2
(i) e<— I(1-td) |
1 1wl + 2@ + 21+ 102 fitd + 107 ¢ )
Then the perturbed equation (14) with & = 1 has a positive definite solution X

and
(24) ||5X|| < V., =€Stiva0sd-

e

Theorem 2.5.5 (Theorem 2.5 from [6]). If 0:£—||A||2
t

then there exists a unique positive definite solution X of (13) with ¢ = 1 and the
solution has the property X > Q. If

(1) the operator L is invertible,

\/— t+1 .
(i)  d<min ;,( o] 2 o tlla 0|, ¢=[x],:
iy e<— (1 —ud)’

(6 1 +1td + 2ta> ™ + 241 + e Nitd + 1 gf“)

o o)
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then there exists a unique solution X =X+6X of the perturbed equation (14)

with o = 1. For the solution it is fulfilled that X > O ; and
(25) HX — )?H <V, :=eStivaose.

2.6. The bound of Hasanov and Ivanov [4]

Theorem 2.6.1 (Theorem 2.1 from [4]). Let A4, A, 0, QE(C”X"be
coefficient matrices for matrix equations (1) and (3). Let

-1l -1 -1 -1 2
b=1-x"4] +|x7| |60l ¢ =[50]+2|x 4] o]+ | x| o
where X is the maximal positive definite solution of equation (1). If
i)

|7,

b

(26) HX -

, <1 and 2] +|60] <

then D=5’ —4CHX _IHz > (), the perturbed matrix equation (3) has the maximal

positive definite solution X and

(27) "5X ” " 71” = €Stpasioa-

Theorem 2.6.2 (Theorem 3.1 from [4]). Let 4, Z, 0, 0eC™ be
coefficient  matrices for  matrix  equations (2) and (4). Let

b=1-|xaf x| ool =0+ 2|x A o]+ | x| oAf. where X is

a unique positive definite solution of equation (2). If

)
T,

then D =b> — 4CHX - H2 > 0, and the positive definite solutions X and X of the

29) |, <1 and 2+ jog) <

respective equations (2) and (3) satlsfy

(29) " "— " 71" = €Sthqsi06b-

2.7. Thebound of Jing Li and Yuhai Zhang|[9]
Consider the matrix equation (13) with ¢ = 1. Let z:ﬂ’max (A*A), k=2, (A*A),
q= Ay (Q) and 4= Anin (0), and the pair (@,) be the solution of the

systema =q+kf™", =q+ka™.
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Theorem 2.7 (Theorem 3.1 from [9]). Assume that 4, A, 0, Q e C"™" with
QO and é being positive definite. Let & =(ﬂ+tg— l‘ﬂ)aft+1 +pa”

2
= o~ 10 18 ], <l + ¢~ then
30 ”X_XH2< 54 e
30) _é:" ||2+w"§Q”2‘ €895

|,
22)4, +o4), )8 d
wgz 2 Gl 1o, Yo =1
2a' B
5+J8 —4a' B* (@4, +]o4], o], + e[ o0],,)

where & =

2.8. The bound of Yin, Liu, Fang[14]

Consider the unperturbed and the perturbed matrix equations

(31) X +A4'X"'4=0
and
(32) X +A'X"'4=0.

Let  k=An(4'4),  k=a,,(44), ¢=

p

‘max (Q) and Q = ﬂ'min (Q) ’

t t
X, = {ﬂmm(g)#}s , %= {zmm @)L}S and the pair (@, ) be the solution of
t+s t+s

the systema = z+kﬁ_', B=q+ka.
Theorem 2.8.1 (Theorem 3.1 from [14]). Let

i 0= L(—) |4 15 >0,
@ S+t\s+t I, H 2 7
2s
(ii) |50], < N Q‘IH [—(I—G)M},
\/(S+Z)S:t _\/mi
(iii) 6], < = > 9.

T
(S"‘t)s _ILH
s

s 2

Then equations (30), (31) have unique special Hermitian positive definite solutions

X and X , » respectively. Moreover,
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)

-1
oy fad,=- ]

[l

o], + x|,

eStyinlfO9a~
where

N t
L=YX"®X ' T,=)X""®X,.
j= i=l

Theorem 2.8.2 (Remark 3.1 from [14]). Let

¢ =max 1~ 3 , 1~ >
s —I“A‘ /X xS —I“A” /xt
! if x, >X,
HTl—l H 75! _tHAH Ve
Substituting 2 — < | into (33),
l_HTl_IHZHTZHzHAH — if x, <X,
? sxih - tHAH2 / xt

the authors obtain a weak estimate

(34) Jox], < {lsol, + 2| 4], 1} )= sty

Moreover, since X, € [,6’1], ,6’2]], then HXL_t H2 < B/, and HX;AHz <p’ ||A||2,

the authors obtain another weak estimate
zwmmwwﬂﬁ“m
. yinlf09c »

o, +[ i

A
where f; and pf, are the maximal positive solutions of the equations

X = Ain (O)x' + A (4°4) =0 and X = Ay (@)X + Ao (47 4) =0,

max ‘min

(35) Jlox]|, < é{llfoIIF +

respectively.
Theorem 2.8.3 (Theorem 3.2 from [14]). Under the assumptions of Theorem
2.8.1, the unique special solutions X; and X, to the matrix equation (31) and (32)
exist, and
|27
=[]l 4] ],

loet, +°5%:1,
=eStyinf09ds

N t
where L, =) X" ® X', L, =) X;""®X,".

i=l i=1

i, )=

36)  fax], <

+HXL‘tA
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Theorem 2.8.4 (Remark 3.2 from [14]). Similar to Theorem 2.8.2, the
authors get a weak estimate:

o) o, <o, +(8-1al, 45"l Jotl = et

where f; and g are the maximal positive solutions of equation
x _ﬂ’min (Q)xt +ﬂ’max (A*A) =0 and x _ﬂ’max (é)xt +A’min (Z*Z) =0,
respectively and

1 1

71 = max s—1 ~ t+1° 1 ~ t+1 [
s ST
X, — t||A||2”AH2 1X7T sx)T - t||A||2”AH2 /x,

2.9. The bound of Hasanov [2]

Theorem 2.9.1 (Theorem 2.3 from [2]). Let A4, A, 0, Q eC™ >0, é >0)

be coefficient matrices for matrix equations (1) and (3) , P is a positive definite
matrix. We assume that equation (1) has a positive definite solution and X is its

p=|Px;'P

maximal solution. Let a= “PX lap!

2’ 2’

bel-o? +ﬂHP_15QP_1 , C:HP-15QP_1H+2aHP_15AP—1H+ﬂHp—15AP—1H2.

If @ <1 and 2| 'a1P |+ [P 0P™ < %, then D= b~ 4.¢ 20, the

perturbed matrix equation (3) has the maximal positive solution X , and

2b-+D
2 Zﬂ
Theorem 2.9.2 (Theorem 2.4 from [2]). Let 4, 4, 0, Q eC™ (Q >0,

(38) Joxi| <17

= eSthalea .

Q > () be coefficient matrices for the matrix equations (2) and (4), and P be a

positive  definite matrix. Let o= ”PX 4P p= HPX P

b=1-a’+ p|P~' 0P

2’ 2’

2

c=|P'50P" |+ 2a|P64P "'+ plP34P|" . 1f @ <1 and
P aaP |+ |P-ioor < %, then D = b —4.¢ f=0 and

2b—+[D
2 2 ﬂ
These bounds esty,s10, and estpasio, are very simple and easy for calculation, but their
existence is associated with the choice of an appropriate positive definite matrix P.
The authors propose to choose P = 0" The lack of a general rule for the choice of
the matrix P is a restriction for the application of the bound.

(39) Joxi| <17

= €Sthag10b -
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3. Experimental results

Denote the ratio of the perturbation bounds to the estimated value as follows:

xulla = —eStiuma X1, xu01b = —eStiumb”XHZ sunx03 = Eftsun"”
= = )
eStkon ap03a tkon ap03b est
Konpap03a i= — K00k onnan03h = KO0 pagian;— Slhiot
o] Jox]. ox[,
hasi04b:= eSthale4b ha5104c — eSthasnO4c ha 104d:= Sth215104d ha5104e — Stha3104e
o, Jox, - o, Jox],
hasi04f= S thasiosr , iva05a = ESlivaosa. , iva05b: = Slivaosy_ , iva05¢:= EStivanse
. LR T e )
iva05d = CStivaOSd iva05e = eStlvaOSe ha5106a _ Sthas106a ha 106b = CStha5106b
Joxt, |- % ox], [ox].
1iz09 := M yinlf09a = S i oop . vy
|-+, IIéXllF fox,
yinlf09c = SO itoq i S g SStiininoe
Jox, || X, ox],
has10a := ” haS"‘(’a and has10b = e”S;;;s"‘Ob i
F

Consider the unperturbed and the perturbed matrix equations (1) and (3),
respectively.

3.1. Example 1
The model from Example 5.1 in [12] is used. Consider the nonlinear matrix

0 1 0
equation (1) with coefficient matrices Az[o g}, Q:[O J, where 0 < a <1,

0
and a maximal solution X, :{0 | 2] Take a = 0.5 — 107, and suppose that
-a

. : . . 0.9501 0.6068 79
the perturbations in the coefficient matrices are 04 = x1077,

0.2311 0.4860

0.7701  0.2877

and Xu in [12] is 1.3198. This means that the solution X; of the equation is well-
conditioned. The perturbed equation (3) is a discrete-time algebraic matrix Riccati

-0.4326 -0.7701 5 . .. .
= x107". The relative condition number, obtained by Sun

equation [5]. But the perturbed matrix coefficient Q =0+ 0 is not symmetric
and the MATLAB’s discrete-time algebraic matrix Riccati equation solver dare can
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not be used for obtaining the solution X to the perturbed equation (3). Hence the

perturbation 4X in the solution and the perturbed solution X are unknown. We can
only consider the bounds, whose computation does not need this information. The
perturbation bound in the solution is estimated by the bounds estyi. (6), €Stsunxos
(8): eStkonpapOBa (10), eStkonpalp03b (12)3 GStivalOSa (21)9 eStivaOSb (22): eStivaOSc (23)3 eSthasi06a
(27), estyinifoop (34), €styinimoc (35), €Styinifoe (37) and eStnasioa (38). The numerical
results on the absolute perturbation bounds in terms of Frobenius norm, except for
the bound estguxo3, Which concerns the spectral norm of the perturbation in the
solution, are listed in Table 3.1.1. The cases when the conditions of existence of a
bound are violated are denoted by an asterisk. The cases when the matrix P = Q"2
used by estnasi0. (38) 1s not appropriate are denoted by hyphen.

Table 3.1.1. Example 1,a = 0.5 — 107, real case

k 9 7 5 3 1
estyora (6) * 1.3779 x 107 | 1.3779 x 107 | 1.3784 x 107 1.4389 x 107
eStsunxo3 (8) 2.5580 x 10™ | 2.5580x 10™ | 2.5580 x 10™ | 2.5578 x 10 2.5463 x 10°
eStionpapoza (10) | 1.4815 x 107 | 1.4815 x 107 | 1.4814 x 107 | 1.4806 x 10™ 1.4009 x 10°
est) (12) | 1.4815 x 10° 14815 x 10° [ 1.4814 x 10° 1.4806 x 10° 1.4009 x 107
estivaosa (21) 2.5580 x 10™ [ 2.5580 x 10™ [ 2.5580 x 10™ [ 2.5578 x 107 2.5463 x 10°
estivaos (22) * 2.5580 x 10¥ | 2.5580 x 10¥ | 2.5578 x 107 2.5463 x 10°
estivaose (23) 2.5580 x 10 | 2.5580 x 10™ | 2.5580 x 10™ | 2.5578 x 10 2.5463 x 10°
Sthasiosa (27) 1.7754 x 10° 1.7754 x 10° | 1.7754 x 10° 1.7754 x 107 1.7754 x 107
€Styinifoob (34) * * * * 3.6988 x 10"
estyinise (35) * * * * 3.6294 x 10°
est, inlf09e (37) * * * * 3.6988 x 10"
eSthasioa (38) 5.2978 x 107 [ 52978 x 107 | 5.2980 x 10” 5.3179 x 10”7 [ 7.2982 x 107

The results listed in Table 3.1.1 show that bounds esty.s10. (38) of Hasanov
[2], eStkonpapoza (10) and eStionpaposy (12) of Konstantinov et al. [7] give the
lowest values.

The bound est,,0, (6) is an a priori estimate, since for its calculation it is not
necessary to know the solutions X and X of the unperturbed and the perturbed
equation, respectively. But, as it is seen, it exhibits quite strange behaviour,
although the conditions (5) of existence are fulfilled.

Let us now modify the model and take the perturbations in the matrix

) . -04326 —0.7701
09501 0.6068) |19 and 0 =(1+i) x10°®
02311 0.4860 0.7701 02877

where i is the imaginary unit. The results are shown in Table 3.1.2.

b

coefficients as &4:(1+i)[

Table 3.1.2. Example 1, a = 0.5 — 107, complex case

k 9 7 5 3 1
estyuora (6) * 3.4539 x 10” | 3.4540 x 107 | 3.4608 x 10° | 4.3174 x 10
eStunxo3 (8) 1.7804 x 107 | 1.7804 x 10” | 1.7804 x 10”7 | 1.7803 x 10° | 1.7723 x 107
eStionpapoza (10) | 1.7666 x 107 | 1.7666 x 107 | 1.7666 x 107 | 1.7631 x 10” | 1.4133 x 10”
eStiomaposs (12) | 1.7666 x 107 | 1.7666 x 107 | 1.7666 x 10” | 1.7631 x 10” | 1.4133 x 10”
eStivaosa (21) 1.7804 x 107 | 1.7804 x 107 | 1.7804 x 107 | 1.7803 x 107 [ 1.7723 x 107
estivaosp (22) * 1.7804 x 107 | 1.7804 x 107 | 1.7803 x 107 [ 1.7723 x 107
estivaose (23) 1.7804 x 107 | 1.7804 x 107 | 1.7804 x 107 | 1.7803 x 107 [ 1.7723 x 107
Sthasiosa (27) 2.3555 x 107 | 2.3555 x 107 | 2.3555 x 107 [ 2.3555 x 107 [ 2.3555 x 107
estyininon (34) * 4.4436 x 10~ 4.4169 x 10° 44210 x 10° 4.9073 x 107
estyinifooc (35) * 4.4436 x 10° | 4.4168 x 10 44122 x 10° 3.9259 x 107
estyininoe (37) * 8.8545 x 10 8.7778 x 10> | 8.2997 x 10° 4.9073 x 107
Sthasioa (38) 7.2856 x 10™ | 7.2856 x 10™ | 7.2857 x 10™ | 7.3001 x 10™ | 8.1886 x 10™
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Here for the different values of the parameter & the bounds estiyo1a, €Stivaosa
estyinifoob, €Styinioe and estyinimoe are not constant in their sharpness. The bound
€Sthasi0a, fOllowed by the bounds estyonpapoza and €Stionpaposn, 1 the most effective one.

Take now a = 0.99 and suppose that the perturbations in the coefficient

0.9501 0.6068] -0.4326 -0.7701]
x107*, x107*. The
02311 0.4860 0.7701  0.2877

relative condition number in this case is 2.892, therefore, the solution X; remains
well-conditioned. The results are listed in Table 3.1.3.

matrices are 6A:{

Table 3.1.3. Example 1, a = 0.99, real case

k 10 9 8 7 6
eStxu01:| (6) * * * * *
eStanos (8) 54420 x 10" | 54420 x 10° | 5.4424 x 10°® | 5.4462 x 107 | 5.4844 x 10°
eStionpapoza (10) | 4.2685 x 107" | 4.2685 x 10 | 4.2685 x 10® | 4.2685 x 107 | 4.2685 x 10°
eStiomapos (12) | 4.2688 x 10" | 4.2708 x 107 | 4.2914 x 10* | 4.5230 x 107 *
eStiva0sa (21) 5.4428 x 10" | 5.4502 x 10” | 5.5270 x 10 | 6.6861 x 107 *
estivaosh (22) * * * * *
eStivaose (23) 5.4420 x 10" | 54420 x 10° | 5.4420 x 10°® | 5.4420 x 107 | 5.4421 x 10°
€Sthasiosa (27) 1.8494 x 10® | 1.8501 x 107 | 1.8579 x 10 | 1.9441 x 10™ *
eStyinon (34) * * * * *
estyinifooe (35) * * * * *
eStyinioe (37) * * * * *
eSthasl(]a (38) — — — — —
Let the perturbations in the matrix coefficients be chosen as
0.9501 0.6068 k —-0.4326 —-0.7701 k
A =(1+i) x10™, o0 =(1+1) x10™". The
0.2311 0.4860 0.7701 0.2877
results are shown in Table 3.1.4.
Table 3.1.4. Example 1, a=0.99, complex case
k 10 9 8 7 6
eStxuola (6) * * * * *
eStaumos (8) 3.8954 x 10 | 3.8954 x 10° [ 3.8958 x 10 | 3.8995 x 107 | 3.9369 x 10°
Stiompapoza (10) | 3.4979 x 107" | 3.4979 x 10° | 3.4979 x 10 | 3.4979 x 107 | 3.4979 x 10°
Stionpapozb (12) | 3.4981 x 10" | 3.4995 x 10° | 3.5133 x 10® | 3.6651 x 107 *
eStivaosa (21) 3.8958 x 10" | 3.8996 x 107 | 3.9387 x 10 | 4.4486 x 10~ *
eStivaOSb (22) * * * * *
eStivaose (23) 3.8954 x 10" | 3.8954 x 10° | 3.8954 x 10°®° | 3.8954 x 107 | 3.8957 x 10°
€Sthasiosa (27) 1.7578 x 10® | 1.7585 x 107 | 1.7656 x 10° | 1.8436 x 10™ *
eStyinion (34) * * * * *
estyinoe (35) * * * * *
estyinioe (37) * * * * *
eSthasmﬂ (38) - - - - —

As it is seen from the Tables 3.1.3 and 3.1.4, for this value of the parameter a
the bound estyonpapoza, followed by the bounds estyncs and estivaose, is the most
effective one in terms of sharpness and relevance. It should be noted that the bounds
€Stionpapo3a ANd €Stivaose are local bounds and they are applicable to sufficiently small
perturbations in the data. In general, no one can say how small the perturbations
must be in order to be considered small enough. The local bound may give results
even when the perturbed equation has no solution.
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3.2. Example 2 (Example 4.2 from [13])
Consider  the matrix  equation (1)  with  coefficient = matrices

1 0 0 01

-1 1 0 01
4= 21 1 0 1l O=X+4"X "4 and X = diag(1, 2, 3, 2, 1). Let the

10 -1 -1 -1 11

-1 -1 -1 -1 1]

perturbations in the coefficient matrices 4 and Q be 4=10"/4, and
1

—"CT N C” (CT + C). C is a random

50 =107/ Q,, respectively, with 4, =ﬁ€ > Oy =

matrix, which is generated by MATLAB’s function rand. The solution X of the
perturbed matrix equation (3) is computed applying MATLAB’s function dare (i.e.

X = dare(0, I, 4, 0, A")). The matrix [ is the identity matrix of appropriate
dimension. In Table 3.2.1 are listed the ratio of the perturbation bound to the
estimated value for j = 1, ..., 5 averaged as the arithmetic mean of 200 randomly
perturbed runs. The example compares the properties of the bounds estyi, (6),
eStxuOlb (7), eStsunx03 (8)9 eStkonpap03al (10), eStkonpapOSb (12), €Sthasioda (15): ©Sthasioan (16)9
eStivaOSa (21)a eStivaOSb (22)3 eStivaOSC (23): eSthasi06a (27): eStyinlﬁ)9a (33)3 eStyinlf()9b (34)3
CSty,’n]fogc (35), CStyin]fogd (36), eStyinlﬂ)ge (37) and €Sthasioa (38) All conditions of
existence of the bounds are satisfied. The bound esty,. [13] is an order of
magnitude ruder than others. Depending on the results, the following groups are
formed — the bounds eStguxo03, €Stivaosa, €Stivaosn, Which exceed the estimated value by
5 to 6 times, followed by eStivaose, €Stxuoin, then the group of estyinimoc, €Styinitooa and
the closest to the estimated value is the group of the bounds estyonpapozas €Stionpaposbs
€Sthasiosas €Sthasioabs €Sthasiosa ANd €Styiniop. The bound esthasion of Hasanov [2] is the
sharpest.

Table 3.2.1. Example 2, real case

k 1 2 3 4 5
xulla 51.8880 | 51.5730 | 51.5700 | 51.7500 | 51.7500
xu0lb 5.1852 | 5.1851 5.1851 5.1851 5.1851
sunx03 6.1863 | 5.7670 | 5.7634 | 5.7633 | 5.7633
konpap03a 1.4651 1.4569 1.4569 1.4569 1.4569
konpap03b 1.4871 1.4572 1.4569 1.4569 1.4569
hasi0O4a 1.5194 1.5154 1.5154 | 1.5154 | 1.5154
hasi04b 1.5342 1.5156 1.5154 | 1.5154 | 1.5154
iva05a 6.3165 | 5.7680 | 5.7634 | 5.7633 | 5.7633
iva05b 6.4225 | 5.7689 | 5.7634 | 5.7633 | 5.7633
iva05c 5.8506 | 5.7642 | 5.7633 | 5.7633 | 5.7633
hasi0O6a 1.5461 1.5157 1.5154 | 1.5154 | 1.5154
yinlf09b 1.6042 1.5861 1.5759 | 1.5859 1.5859
yinlf09¢ 2.3139 | 23061 | 23060 | 2.3060 | 2.3060
yinlfod 2.5558 | 2.5474 | 2.5473 | 25473 | 2.5473
yinlf09e 1.5900 1.5860 1.5859 1.5859 1.5859
has10a 09728 | 0.9514 | 09512 | 0.9512 | 0.9512
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Let us now modify the example choosing the random matrix C as (1+i)C and
let us keep all other data unchanged. The results are listed in Table 3.2.2.

Table 3.2.2. Example 2, complex case

k 1 2 3 4 5
xu0la 52.5480 | 52.2190 | 52.2150 | 52.215 | 52.2150
xu01lb 5.1765 | 5.1763 | 5.1769 | 5.1763 | 5.1763
sunx03 6.2496 | 5.8247 | 5.8210 | 5.8210 | 5.8210
konpap03a 1.4829 1.4649 1.4648 | 1.4648 1.4648
konpap03b 1.4948 1.4651 1.4648 | 1.4648 1.4648
hasiO4a 1.5416 1.5233 1.5233 | 1.5233 1.5233
hasi04b 1.5342 1.5234 1.5233 | 1.5233 1.5233
iva05a 6.3843 | 5.8258 | 5.8211 | 5.8210 | 5.8210
iva05b 6.4971 5.8267 | 5.8211 | 5.8210 | 5.8210
iva05c 5.9071 5.8219 | 5.8210 | 5.8210 | 5.8210
hasi06a 1.5573 1.5236 1.5233 | 1.5233 1.5233
yinlf09b 1.6131 1.5943 1.5942 | 1.5941 1.5941
yinlf09c 2.3335 | 23181 | 23180 | 2.3180 | 2.3180
yinlfOde 2.5765 | 2.5560 | 2.5558 | 2.5558 | 2.5558
yinlf09e 1.5995 1.5942 1.5942 | 1.5941 1.5941
has10a 0.9745 | 0.9530 | 0.9528 | 0.9528 | 0.9528

In this example, the behaviour of the bounds in the complex case is the same
as in the real case.

3.3. Example 3
Consider equation (1) with values of the matrix coefficient 4 and the solution X,

1 0 0 01
-1 1 0 01

: . 23
given in Example 1 from [6]. Let A:4—5 -1 -1 1 0 1},
-1 -1 -1 11
-1 -1 -1 -1 1]

O=X+A"X"'4. Consider the two values of the unperturbed solution
X=diag(0.725, 2, 3, 2, 1) and X=diag(0.25, 2, 3, 2, 1). Let the perturbed equation (3)
have matrix coefficients A= A+e&(l+E), X =X +&(I-E), O=X+4"X"4,

£=0.1>. We study the perturbation bounds estyia (6), €Stxuon (7), €Staunxos (8),
eStkonpap03a (10)9 eStkonpap03b (12)7 ©Sthasiosa (15), ©Sthasioab (16)7 eStivaosa (21), €Stivaosb
(22), estivaose (23), eSthasiosa (27), estyinimoa (33), estyinion (34), estyinimoc (35), estyinimod
(36), estyinifoe (37) and esthasioa (38). The ratio of the perturbation bounds and the
estimated value for j=2, 3, 4, 5 are listed in Table 3.3.1.

After modifying the example by choosing & = 0.1/ (l + i) , the results obtained
for the complex case are listed in Table 3.3.2.

Among the bounds considered in this example the bound esty,s10,, 0f Hasanov
[2] followed by eStionpapoza and €Stonpaposy Of Konstantinov et al. [7], gives the
sharpest estimates. When the solution of equation (1) is chosen as
X=diag(0.25, 2, 3, 2, 1), the bounds estyyo1a, €Stxuo1b, €Stivaosbs €Styinirob — €Styinifoe CaN
not be used due to violated conditions of existence.
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Table 3.3.1. Example 3, real case

X=diag(0.725, 2, 3, 2, 1)

k 2 3 4 5
xulla 111.6322 | 111.6357 | 111.6358 | 111.6358
xu0lb 5.6960 5.6960 5.6960 5.6960
sunx03 7.3408 7.3149 7.3146 7.3146
konpap03a 1.6147 1.6152 1.6152 1.6152
konpap03b 1.6167 1.6152 1.6152 1.6152
hasi0O4a 1.6499 1.6505 1.6505 1.6505
hasi04b 1.6513 1.6505 1.6505 1.6505
iva0S5a 6.5843 6.5428 6.5424 6.5424
iva05b 6.5843 6.5428 6.5424 6.5424
iva05c 6.5463 6.5424 6.5424 6.5424
hasiO6a 1.7956 1.7949 1.7949 1.7949
yinlf09b 2.7529 2.7515 2.7515 2.7515
yinlf09¢ 3.0357 3.0363 3.0363 3.0363
yinlfOde 1.7942 1.7949 1.7949 1.7949
yinlf09e 3.6486 3.6512 3.6512 3.6512
has10a 1.2104 1.2096 1.2096 1.2096

X=diag(0.25,2,3,2, 1)

k 2 3 4 5
xulla * * * *
xu01b * * * *
sunx03 8.4182 8.1404 8.1378 8.1378
konpap03a 2.4882 2.4889 2.4889 2.4889
konpap03b 2.5093 24891 2.4889 2.4899
hasi04a 2.7378 2.7378 2.7358 2.7358
hasi04b 2.7395 2.7358 2.7358 2.7358
iva05a 8.0022 7.2847 7.2787 7.2786
iva05b * * * *
iva05c 7.2937 7.2788 7.2786 7.2786
hasi06a 2.7502 2.7359 2.7358 2.7358
yinlf09b * * * *
yinlf09¢ * * * *
yinlfode * * * *
yinlf09e * * * *
has10a 1.9602 1.9558 1.9558 1.9558

Table 3.3.2. Example 3, complex case
X =diag(0.725,2,3,2, 1)

k 2 3 4 5
xu0la 1117264 | 111.7297 | 111.7298 | 111.7298
xu01b 5.6960 5.6960 5.6960 5.6960
sunx03 7.2980 7.2605 7.2601 7.2601
konpap03a 1.6048 1.6053 1.6053 1.6053
konpap03b 1.6076 1.6053 1.6053 1.6053
hasi04a 1.6398 1.6404 1.6404 1.6404
hasi04b 1.6418 1.6404 1.6404 1.6404
iva05a 6.5534 6.4942 6.4937 6.4937
iva05b 6.5001 6.4937 6.4937 6.4937
iva05c 6.5463 6.5424 6.5424 6.5424
hasi06a 1.6426 1.6405 1.6404 1.6404
yinlf09b 1.7852 1.7840 1.7840 1.7840
yinlf09¢ 2.7350 2.7347 2.7347 2.7347
yinlfOde 3.0199 3.0195 3.0195 3.0195
yinlf09e 1.7832 1.7840 1.7840 1.7840
has10a 1.2884 1.2869 1.2869 1.2869
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Table 3.3.2 (continued)
X=diag(0.25,2, 3,2, 1)

k 2 3 4 5
xulla * * * *
xu0lb * * * *
sunx03 8.9435 | 8.5127 | 8.5087 | 8.5078

konpap03a | 2.5635 | 2.5641 | 2.5641 | 2.5641
konpap03b | 2.5948 | 2.5644 | 2.5642 | 2.5641
hasi0O4a 2.8189 | 2.8168 | 2.8168 | 2.8168
hasi04b 2.8502 | 2.6197 | 2.6105 | 2.6104

iva05a 8.0022 | 7.2847 | 7.2787 | 7.2786
iva0sb * ® * *
iva0sc 7.6332 | 7.6106 | 7.6104 | 7.6104
hasi06a 2.7502 | 2.7359 | 2.7358 | 2.7358
yinIf09b * * * *
yinlf09¢ * ¥ * ¥
yinlfod * ® * *
yinlf09e ¥ ¥ * ¥
has10a 1.8497 | 1.8439 | 1.8439 | 1.8439

3.4. Example 4 (Example from [7])

Consider the complex matrix equation (1) with solution X = /53 and coefficients
being the random matrix

2.1896x 107 +i5.3462x1072  6.7930x1071 +i7.6982x107° 5.1942x107" +i4.1749%x107"
A=]4.7045x107% +i5.2970x107"" 9.3469x107" +3.8342x107" 8.3097x107' +i6.8677x10"
6.7886x107" +i6.7115x107"  3.8350x107" +i6.6842x107> 3.4572x107% +i5.8898x107!

and Q=X + A" X' A. The perturbations in the perturbed matrix equation (3) are

taken as A =3X =(1+i)l0*E and 60 = X+A X4~ Q. The results obtained
for k=1, ..., 10 are listed in Table 3.4.1.
Table 3.4.1. Example 4

k 10 9 8 7 6 5 4 3 2
xulla % * * * * * % * *
xuOlb & * * & * * & * *
SunXO) * * * * * * * * *
konpap03a | 7.0344 | 7.0344 | 7.0344 | 7.0344 | 7.0344 | 7.0344 | 7.0344 | 7.0343 | 7.0343
konpap03b | 7.0344 | 7.0344 | 7.0344 | 7.0344 | 7.0348 | 7.0392 | 7.0831 | 7.5979 *
hasi04a & * * & * * & * *
ha5104b * * * * * * * * *
iva05a 9.8749 | 9.8746 | 9.8749 | 9.8751 | 9.8772 | 9.8976 | 10.111 | 15.250 *
iVaOSb B3 * * Bl * * Bl * *
iva05¢c 9.8749 | 9.8749 | 9.8749 | 9.8749 | 9.8749 | 9.8750 | 9.8759 | 9.8847 | 9.9727
hasi06a & * * & * * & * *
yinlf09b * * * * * * * * *
ymlf()9c & * * & * * & * *
ylnldee B3 * * Bl * * Bl * *
y1n1f09e * * * * * * * * *
has10a — — — — — — — — —

As it is seen only bounds eStionpapo3as €Stkonpapo3bs €Stivaosa and estivaos. estimate
the perturbations in the solution of the perturbed equation (3). The bound esty,si0a
can not be used due to inappropriate matrix P. The conditions of existence of the
other bounds are violated and these bounds do not work.

Consider the unperturbed and the perturbed matrix equations (2) and (4),
respectively. Compare the effectiveness and the reliability of the bounds estxonpaposa
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(10), eStkonpap03b (12), €Sthasi0da (15): ©Sthasioan (16): €Sthasiodc (17)> ©Sthasioad (18)> ©Sthasiode
(19)5 ©Sthasioaf (20)7 €Stiva0sd (24)9 €Stivaose (25)7 ©Sthasiosh (29)9 estiiz09 (30) and
esthasiop (39).

3.5. Example 5

The Example is based on the model of Example 6.2 from [9]. Consider equation (2)

for g=|0 09RO 034 0=x—a' x4, x=|' © | Let
o0 0 1.7083

the perturbations on 4 and Q be o4 =1, x 107, s0= E ﬂxlO‘5 . The solution

X of the perturbed equation (4) is obtained using the MATLAB’s function dare —
the discrete-time algebraic matrix Riccati equation solver

(X =dare(A") " 4,1,0, A07' 4,0, 1)). We compute and list in Table 3.5.1 the ratios
of the estimated error and the true error. Then, we modify the example choosing the

complex matrices 04 =(1+i)[,x107 and &= (1+i{51 ﬂXIOS for the
perturbations on 4 and Q. The results are listed in Table 3.5.2.

Table 3.5.1. Example 5, real case

k 1 2 3 4
konpap03a 1.7126 1.7393 1.7858 1.7908
konpap03b 1.7129 1.7397 1.7861 1.7912

hasi04a | 2.4407 x 10" | 1.1990 x 10 * *
hasi04b | 2.4407 x 10" | 1.1990 x 10 * *
hasi04c 1.2831 1.3003 1.3505 1.3448
hasi04d 1.2831 1.3003 1.3505 1.3448
hasi04¢ * * * *
hasi04f * * * *

iva05d 2.3899 2.4011 2.4392 2.4207

iva05e * * * *

hasi06b | 2.5790 x 10" * * *
1iz09 8.6166 | 1.0699 x 10" | 1.3908 x 10" | 1.7800 x 10"
has10b - — - -
Table 3.5.2. Example 5, complex case

% 1 2 3 7
konpap03a 1.9890 1.9990 2.0000 1.9872
konpap03b 1.9892 1.9992 2.0002 1.9874
hasi04a 3.7577 x 10" [ 3.6784 x 10 * *
hasi04b 3.7578 x 10" | 3.7145 x 10 * *
hasiO4c 2.4486 2.7522 2.9985 3.0429
hasi04d 2.4486 2.7522 2.9985 3.0429
hasi04e * * * *
hasi04f * * * *
iva05d 2.4369 2.4491 2.4503 2.4347
iva05e * * * *
hasi06b 4.0946 x 10" * * *
1iz09 1.6449 x 10" | 2.2652 x 10" | 3.0888 x 10" | 4.0273 x 10"
has10b - — - -

The results for £k = 1, 2, 3, 4 listed in Tables 3.5.1 and 3.5.2 show that the
conditions of Theorems 2.4.3-2.5.5 in the cases k£ > 1, as well as the conditions of
Theorems 2.4.1 and 2.4.2, when k > 2 are violated. Thus we can not use €Sthasiosc,
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eSthasioass €Stivaose as perturbation bounds. However, the bounds estyonpapozas €Stionpaposbs
eSthasiosc and estpasiosq give quite sharp perturbation bounds. In the real case, the
bounds esthasiosc, €Sthasioas Of Hasanov, Ivanov [4] are sharper than the bounds
€Stkonpapo3as €Stionpaposb Of Konstantinov et al. [7]. In the complex case, the
MATLAB gives a warning that the solution may be inaccurate due to poor scaling
or eigenvalues near the stability boundary. This reveals that in the case of complex

perturbations the solution X of the perturbed equation (4) is ill-conditioned. In this
case the bounds estyonpapo3a, €Stkonpaposb are the sharpest ones.

3.6. Example 6

For this Example we use the settings of Example 1 from [3]. Consider the matrix

o
equation (2), A:mAO and Q=X-A"X"4, where & =%—10_k,

2 1000 25 1 1 1 1
12100 1 25 1 1 1
4,=[0 1 2 1 of, with solution _| , , ,s | | | Consider the
00 1 2 1 I 1 1 25 1
000 12 1 1 1 1 25

perturbed equation (4), where A= A—Fem&‘T +C ) and C is a random

matrix generated by the MATLAB’s function randn. The perturbed solution is
X =X+eE and 0= X —A"X"A. To observe the effectiveness of the bounds

in the real and the complex case we choose e = 1077, k=2, 3, j=2,3,4,5 asin
Example 4 from [3], and then e=(1 +i)10_kj , where i is the imaginary unit. The

average of the ratios of the perturbation bound to the estimated value for 200
random runs are listed in Table 3.6.1 for the real case and in Table 3.6.2 for the
complex case.

Table 3.6.1. Example 6, real case

i1 2 I 3 | 4 I 5
k=2

konpap03a 1.2265 1.2265 1.2265 1.2265
konpap03b 1.2269 1.2265 1.2265 1.2265
hasi04a 1.6389 1.6389 1.6389 1.6389
hasi04b 1.6389 1.6389 1.6389 1.6389
hasiO4c 1.3575 1.3574 1.3574 1.3574
hasi04d 1.3576 1.3574 1.3574 1.3574
hasiO4e * * * *
hasi04f 1.8047 1.8047 1.8047 1.8047
iva05d 5.4908 5.4691 5.4689 5.4689
iva05e * * * *
hasi06b 1.7562 1.7556 1.7556 1.7566
1iz09 54788 x 10" | 5.0368 x 10" | 5.0334 x 10" | 5.0334 x 10’
has10b 1.2610 1.2575 1.2574 1.2574
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Table 3.6.1 (continued)

k=3

konpap03a 1.2336 1.2336 1.2337 1.3561
konpap03b 1.2336 1.2336 1.2337 1.3561
hasi04a 1.6550 1.6550 1.6552 1.8149
hasi04b 1.6550 1.6550 1.6552 1.8149
hasiO4c 1.3649 1.3649 1.3650 1.4834
hasi04d 1.3649 1.3649 1.3650 1.4834
hasiO4e * * * *

hasi04f 1.8411 1.8411 1.8413 2.0293
iva05d 5.4907 5.4905 54911 6.0754
iva0Se * * * *

hasi06b 1.7800 1.7800 1.7801 1.9434
1iz09 5.1444 x 10" [ 5.1407 x 10" | 5.1412 x 10" [ 5.5870 x 10"
has10b 1.2870 1.2870 1.2869 1.3652

Among the bounds considered, the bounds estyonpapoza and €Stionpaposy give the
closest estimates of the perturbation in the solution.

Table 3.6.2. Example 6, complex case

j [ 2 I 3 | 4 I 5
k=2
konpap03a 1.2283 1.2283 1.2283 1.2283
konpap03b 1.2287 1.2283 1.2283 1.2283
hasi04a 1.6395 1.6395 1.6395 1.6395
hasi04b 1.6395 1.6395 1.6395 1.6395
hasi04c 1.3580 1.3579 1.3579 1.3579
hasi04d 1.3581 1.3579 1.3579 1.3579
hasi04e * * * *
hasi04f 1.8047 1.8047 1.8047 1.8047
iva05d 5.4987 5.4678 5.4675 5.4675
iva05e * * * *
hasi06b 1.7613 1.7604 1.7604 1.7604
1iz09 5.8153 x 10" [ 5.0398 x 10" | 5.0351 x 10" [ 5.0350 x 10"
has10b 1.0834 1.0798 1.0798 1.0798
k=3

konpap03a 1.2272 1.2278 1.2272 1.2895
konpap03b 1.2272 1.2272 1.2272 1.2895
hasi04a 1.6510 1.6510 1.6511 1.7318
hasi04b 1.6510 1.6510 1.6511 1.7318
hasi04c 1.3619 1.3619 1.3620 14218
hasi04d 1.3619 1.3619 1.3620 14218
hasiO4e * * * *
hasi04f 1.8411 1.8411 1.8412 1.9294
iva05d 5.4587 5.4584 5.4587 5.7560
iva0Se * * * *
hasi06b 1.7717 1.7717 1.7718 1.8563
1iz09 5.1345x 10" [ 5.1294 x 10" | 5.1296 x 10" [ 5.3551 x 10"
has10b 1.1569 1.1568 1.4568 1.2062

For the complex case of Example 6, the bound esty, 5105 i the sharpest ones.

3.7. Example 7 (Example 1 from [4])

2

Consider equation (2) with 4= “ 710 , solution X =diag[1 0.99] and right
a «

hand Q=X -A4"X"4. We take a = 0.41, 0.4, 0.39, 0.35, 0.3, 0.2. Assume

, . 10 6 % 4 7 %
perturbations on matrices 4 and Q: 04 = ) x107°, 00 = 44 x107" for the
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real case and &4 =(1+i x107*, 50 =(1+i x10™ for the complex

case. The solution of the perturbed equation (4) is computed with the MATLAB’s
function dare. The ratio of the perturbation bound and the estimated value are listed

in Table 3.7.1 — the real case and in Table 3.7.2 — the complex case.

Table 3.7.1. Example 7, real case

o 0.41 0.4 0.39 0.35 0.3 0.2
konpap03a 1.6313 1.5977 1.5647 1.4393 1.2997 | 1.1086
konpap03b 1.6313 1.5977 1.5647 1.4393 1.2997 | 1.1086
hasi04a 3.6792 x 10° | 3.3002 x 10" | 1.7200 x 10" 5.8071 3.1187 | 1.6026
hasi04b 3.6791 x 10° | 3.3002 x 10" | 1.7200 x 10" 5.8071 3.1187 | 1.6026
hasiO4c 2.5356 x 10° | 2.3143 x 10" [ 1.2232 x 10" 4.3554 2.4868 | 1.4208
hasi04d 2.5355 x 10° | 2.3143 x 10" [ 1.2232 x 10" 4.3554 2.4868 | 1.4208
hasi0O4e * * * * * *
hasi04f * * * * * 1.7473
iva05d 2.2605 2.2335 2.2071 2.1085 2.0035 | 1.8660
iVaOSe * * * * * *
hasi06b 3.7045 x 10” | 3.2750 x 10" [ 1.7093 x 10T 5.8010 3.1313 | 1.6191
1iz09 * * * 2.327 x 10 | 2.3692 x 10" | 3.1488
has10b = = = = = 0.9397

Table 3.7.2 Example 7, complex case

o 0.41 0.4 0.39 0.35 0.3 0.2
konpap03a 2.1751 2.1201 2.0662 1.8632 1.6396 | 1.4228
konpap03b 2.1751 2.1201 2.0662 1.8632 1.6396 | 1.4228
hasiO4a 5.4325 x 10° [ 4.8625 x 10" | 2.5289 x 10’ 8.4668 4.5011 | 2.2714
hasi04b 5.4325 x 10° [ 4.8625 x 10" | 2.5289 x 10 8.4668 4.5011 | 2.2714
hasi04c 5.4129 x 10° [ 4.8610 x 10" | 2.5285 x 10T 8.4665 4.5011 | 2.2715
hasi04d) 54127 x 10° | 4.8610 x 10" [ 2.5285 x 10" 8.4665 4.5011 | 2.2715
hasiO4e) * * * * * *
hasi04f * * * * * 1.7929
iva05d 2.6587 2.5258 2.4841 2.3305 2.1686 | 1.9405
iVaOSe * & % * % %
hasi06b 5.5589 x 10" [ 4.9025 x 10" | 2.5513 x 10 8.5610 4.5600 | 2.3057
1iz09 * * * 3.9513 x 10° | 4.2787 x 10" [ 5.0251
has10b — — — — — 1.3818

For this example the conditions of Theorems 2.4.3 and 2.5.5 are not satisfied
and thus the perturbation bounds estpasiose, €Stivaose do not give a result. The
perturbation bounds estpasiosa, €Sthasioans €Sthasioscs €Sthasioads €Sthasiosy are not effective —
they are conservative with variable accuracy in different values of the parameter a.
Due to an inappropriate choice of the matrix P, the bound estysiop gives results for
o = 0.2 only. The only bounds that give acceptable results in this example are the
bounds eStyonpapo3as €Stkonpaposb aNd €Stivaosa. The bounds estionpapoza and €Stionpaposs are
sharper.

3.8. Example 8 (Example 2 from [4])

I 1 2 _ 2 1
Consider equation (2) with A=— , solution X = and

3l-2 1 1 7
O=X-A"X"4. Assume that the perturbations on A4 and Q are

0A = x107 and 80 = x107'" . The positive definite solution of the
perturbed equation (4) is computed with function dare. The ratios of the
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perturbation bound to the estimated value are listed in Table 3.8.1. In Table 3.8.2,
the results obtained when the perturbations in the data matrices are

N1 2 s N1 5 10 .
= (1+i 3 4 x107 and 8Q = (1+i s 4 x107" are listed.

Table 3.8.1. Example 8, Table 3.8.2. Example 8,
real case complex case

konpap03a 2.9847 konpap03a 3.9775
konpap03b 2.9849 konpap03b 3.9779
hasi04a 3.8108 hasi04a 5.1253
hasi04b 3.8109 hasi04b 5.1255
hasi04c 3.3977 hasi04c 4.5699
hasi04d 3.3979 hasi04d 4.5701
hasiO4e * hasi04e *
hasi04f 1.2296 hasi04f 1.2383
iva05d 3.8423 iva05d 5.1206
iva05e * iva05e *
hasi06b 3.7067 hasi06b 4.9398
1iz09 5.7355 x 10" 1iz09 7.7204 x 10"
has10b 0.9139 has10b 1.2179

For this example the most effective bound is the bound esty.s0,, followed by
the bound estyasi04r. The bound estji 9 1S conservative. The conditions of existence of
the bounds estp,gose and estj.0se are violated. The other considered bounds exceed
the estimated value by 4 to 5 times.

3.9. Example 9 (Example from [7])
Consider the complex matrix equation (2) with solution X = [ and matrix
coefficients
2.1896x107" +i5.3462x107  6.7930x107" +i7.6982x10 5.1942x107" +i4.1749x10~"
A=|4.7045x1072 +i5.2970x10™"  9.3469x107" +i3.8342x10" 8.3097x107" +i6.8677x10™"
6.7886x107 +i6.7115x107"  3.8350x107" +i6.6842x107% 3.4572x107* +i5.8898x10™"

and Q=X —-A"X"A4. The perturbed matrix equation (4) is obtained from
equation  (2) using the  perturbations 0A=0X = (1 + i)lO_kE and
§Q:A7+Z*)~(_IZ—Q. The results obtained for £ = 1, ..., 10 are listed in

Table 3.9.1.
Table 3.9.1. Example 9

k 10 9 8 7 6 5 4 3 2
konpap03a | 5.5878 | 5.5878 | 5.5878 | 5.5878 | 5.5878 | 5.5878 | 5.5878 | 5.5878 | 5.5878
konpap03b | 5.7129 | 5.5878 | 5.5878 | 5.5878 | 5.5880 | 5.5898 | 5.6080 | 5.8042 *
hasiO4da * * * * * * * * *
hasiodb * * * * * * * * *
hasiO4c 4.2285 | 4.2285 | 4.2285 | 4.2285 | 4.2286 | 4.2288 | 4.2309 | 4.2522 | 4.4746
hasi04d 4.2285 | 4.2285 | 4.2285 | 4.2285 | 4.2286 | 4.2288 | 4.2309 | 4.2519 | 4.4715
hasi04e * * * * * * * * *
hasiO4f * * * * * * * * *
iva05d 8.6459 | 8.6459 | 8.6459 | 8.6461 | 8.6477 | 8.6636 | 8.8297 | 12.051 *
iVaOSe * * * * * * * * *
hasi06b * * * * * * * * *
has10b * * * * * * * * *
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For this example of a complex matrix equation (2) the sharpest bounds are
€Sthasiosc and eStpagiosd. The conditions of existence from Theorems 2.4.1-2.4.4, 2.5.5,
2.6.2, 2.7 and 2.9.1 are not satisfied and thus the perturbation bounds estyusiosa,
€Sthasioabs €Sthasiodes €Sthasioar; €Stivaose, €Sthasioshs €Stiiz09, €Sthasior dO noOt give a result.

4. Concluding remarks

Analysing the behaviour of the perturbation bounds considered in the paper, we can
point out as most effective the bounds estyonpapozas €Stkonpaposr 0f Konstantinov
et al. [7] and estpasiga, ©Sthasiop Of Hasanov [2]. The dependence of the bounds
€Stkonpap03as €Stkonpapozp ON Mmany parameters makes them difficult for computing in
general. But the bounds estionpapozas €Stkonpapozs are reliable and generally give
satisfactory accurate estimates. The bounds estpasioa, €Stnasior are very simple for
computing. They were the sharpest in most cases considered. But the lack of a
general rule for choosing the matrix P is an inconvenience. The bound esty,o;, is an
elegant bound and does not require the solution to the perturbed or the unperturbed
equations. This allows the a priori calculation of the bound est,,01.. But, as it is seen
from the results obtained in Section 3, the bound est,,o1a €ither is too conservative,
or does not work due to violated conditions of existence. The other considered
bounds showed more conservative results than the bounds mentioned above.
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