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Abstract: A multicriteria decision making problem with criteria giving fuzzy
relations between the couples of alternatives is considered. The importance of each
of the criteria is given as weighting function depending on the member ship degrees
of the corresponding fuzzy relation. Transformed membership degrees with the help
of these weighting functions are used in the aggregation procedure for fusing the
relations. The properties of the weighted relations, required to decide the problems
of choice, ranking or clustering of the alternatives set are proved. An illustrative
numerical example solving the problem of alternatives ranking is presented as
well.
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1. Introduction

The following multicriteria decision making problem is considered here. A finite set
of aternativesis evauated by a set of fuzzy criteria, i.e., fuzzy relations, which may
be either fuzzy preference or similarity, or likeness ones. The criteria importance is
computed with the help of weighting functions in the unit interval. In order to
compute the multicriteria score of the fuzzy relations an aggregation operator will
be used to fuse the membership degrees of two alternatives according to all
relations (fuzzy criteria) taking into account the respective weighting functions. The
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purpose is to aggregate the individual fuzzy relations in order to get a fusion
relation as a fuzzy one, giving a possibility to decide a ranking, choice, or cluster
problem.

Procedures for determining the weights have been the aim of many
investigations and discussions [2, 8, 20, 24, 26]. The weights of the criteria may be
given as constants in most cases; besides this, they can be fuzzy numbers [9, 15,
19], fuzzy relation between the criteria importance [18] or weighting functions [11,
21, 1, 10].

The idea of considering weighting functions that depend continuously on the
criterion satisfaction values (i.e., good or bad criteria performances) is supported by
common sense reasoning and experience in the context of decision theory [11, 21].
The introduction of weighting functions depending continuously on criterion
satisfaction values produces weighted aggregation operators with complex
dependence on these values. The more complicated case when the weighting
functions depend continuously on the membership degrees to the fuzzy relations, is
considered herein. Then the dependence of the chosen aggregation operator on the
membership degrees is more complex.

Let A={a,b,c,..,n} be a set of dternatives evaluated by fuzzy criteria

K={k,.. Kk,} . These criteria compare the couples of alternatives and assign

membership degrees to the fuzzy relations corresponding to the different criteria
Let R,..., R,..., R, arethe matrices of these fuzzy relations, i.e.,

u@a) w@b) .. g(an)
R = #(b,8) g4 (b,b) ... M(b,n)’ —1..m m22

u(na) g(nb) .. w(nn)

where g (a,b)€[0,1] is the membership degree of the couple of alternative
a,be A to the fuzzy relation R (R means a fuzzy relation and a matrix
corresponding to this relation as well, for simplicity). The weights of the criteria are
computed using weighting functions f,(x), ..., f.,(X), xe[0,1] of the membership

degrees to the corresponding relation. An approach for fusing fuzzy relations
consists in the usage of aggregation operators. A very good overview of the
aggregation operators, by presenting the characteristics, the advantages and
disadvantages of each operator and the relations between them, is available in
[3, 7]

Accordingto Y ag er [25] and taking into account the problem so determined,
each of the membership degrees may be transformed via weighting functions of the
criteriaasfollows:

() 4"(a,b) = g(w (4 (a,b), 4 (a b)) Va,be Ai=1..m,

where w (4 (a, b)) €[0,1] is the weighting coefficient computed with the help of
the function f (x) for the membership degree of the given couple of the
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alternatives to the fuzzy relation R and g(w, x) satisfies the following properties
[25]:
x>y—g(w, X)>g(w,y); g(w, xX) ismonotonein w;
0(0,x)=id, g(@ x)=x,
with the identity element, id, such that it does not change the aggregated value by
adding it to the aggregation. The weighted aggregation is obtained as

) £"(2,b) = Agy(44"(2,b), ... 44" (2, b), ..., (2, b)) Va,be A,

where Agg denotes some aggregation operator. The form of g depends on the type

of aggregation performed, e.g., it may be t-norm or t-conorm [25], taking into
account their properties.
The properties of the new relations characterized by membership

functions " (a,b), a,be A i=1 ..., m, with a product t-norm for g and arithmetic
mean operator for Agg, weighted by using the functions f,(x), i =1 ..., m(also
called a generalized mixture operator [11]), will be studied.

2. Weighting functions and weighted relations

L et the membership degrees from the comparison of the aternatives a,be A to the

fuzzy relations R,...,R,...,R, be g(a,b)=x, .., u (@ b)=x,..., u.(ab)=x,.
The generalized mixture operator is defined as

1 a=b,
©) AGI(G s s Xr oo X)) =4 D (60X
ZL fi (%)

Va,be A i=1..,m,

azb

where f,:[0,1] ->[0, ), i=1,...,m, are weighting functions, which are supposed
to be continuous.
Introduce the following notationsfor al a,be A:

@ S@ab)=3" f(x),
fi (%) fi (%)
5 (%)= = :
() w () S 1(x) S@b)
i.e. w(x) is a weighting coefficient with the normalization condition
ow(x) =1,

The aggregated relation obtained as a result of such fusion has the following
membership degreesfor al a, be A:
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= (%)% = F6)%
ZZ:‘, 00 Zs(ab) =" w(x)x =" u'(ab).

The functions f,(x), i =1,...,m, have to be monotonic and sensitive. These
continuous functions are defined in the unit interval forxe[0,1] and they have
continuous derivatives f,'(x), i=1...,m, inthisinterval. It is proved [11] that the
sufficient condition for the strict monotonicity of the operator (3) (i. e., to be an
aggregation operator) is 0< f'(x)< f(X), i=1...m, xe[0,1]. New sufficient
conditions for weighting functions are introduced in [13], in order to ensure the
monotonicity of the generalized mixture operator (3). Let f(x), i=1,..,m, be
monotone smooth weighting functions. Then the generalized mixture operator is
monotone whenever all non-decreasing f,(x) fulfill

6 wu'(ab)=

(7 0<f.'(x) < f,(x) vxe[0,]]
or

(8) 0< ' (¥)A-x)< f.(x) Vxe[0,1]
and all non-increasing f,(x) fulfill

9) f(X)+f'(x)>20 vxe[0,]1]
or

(20) f.(X)+ f'(X)x=0 vxe[0,1].

The following fitting [13] weighting functions will be considered here [11]:
e Linear weighting functions

(11) f.(X) =1+ B x with parameters 0< 3 <1, i=1,...,.m, m>2.
e Parametric linear weighting functions
(12) f.() =« 1;_’2)(_7/,(1+/3x) O<a, <1, 0< 4 <1, 7'_ﬁ i=1..,m.

Itisobviousthat 0< f,(0) =c, /(1+ B) < f. (D) = & <1 and therefore the parameters
a; control the value f, (1), when the criteria satisfaction values are one. The
parameters S, controls the ratio between the largest and smallest values of the
function (12), when the criteria satisfaction values are zero and one, i.e,
1<t @/ f0)=1+£<2 i=1..,m.

e Quadratic weighting functions
(13) fi(X):1+(ﬁi_7/i)X+7iX2’ B =20, 7, 20.

The linear weighting functions (11) correspond to y; = 0 in (13).

The above conditions for monotonicity of (3) are performed for weighting
functions (13) if [11]:
(14) 0<y <L 5, <B <B.(x) i=L..m,
with
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7 +1 for0<y, <0.5,

(15) ﬂc(%)z{% +2/r@-y) for05<y <1,

Taking into account the operator (3) and the product t-norm for g in (1), the
new membership degrees of the weighted relations are:
1 if a=b,
W )% =505 g
S(a, b)

Va,be A i=1..,m,

(16) ' (a,b) =

where f (%) isone of the above weighting functions.
The properties of (16) and (3) will be studied.

3. Some definitions of fuzzy relations properties

Let u:XxX —>[0,1 be a membership function of a binary fuzzy relation
R, X, ¥,ze X and T beat-norm. Therdation Ris called:

(i) reflexiveif and only if V xe X : u(x, X)=1;

(if) symmetricif and only if V X, ye X : u(X, y) = u(y, X);

(iii) perfect antisymmetric if u(x, y)>0 then u(y,X)=0 VX,ye X, X#y
[14];

(iv) T-transitiveif and only if V x, y, ze X : T(u(X, y), u(Y, 2)) < u(X, 2) .

The following definitions of transitivity are used here:

X, Y, ze X:min(u(X, y), u(Y, 2)) < (X, 2).

Z ad e h [27] suggested several useful definitions for transitivity, which are
compared in [23]. The weakest of them is the max-A trangtivity,
i.e. u(a, c)=max(0, u(a, b)+ u(b,c)-1). It is shown [23] that this is the most
suitable notion of transitivity for fuzzy ordering.

(vi) Therelation Ris max-A transitiveif and only if

VXY, ze X:max(0, u(X, y)+ u(y, 2) -1 < u(x, 2).

The above properties are composed to generate new classes of fuzzy relations.

(vii) A similarity relation is reflexive, symmetrical and max-min transitive
fuzzy relation [6].

(viii) A fuzzy preorder is reflexive and max-A transitive fuzzy relation [6].

(ix) A likeness relation is reflexive, symmetrical and max-A transitive fuzzy
relation [6].

(X) A fuzzy partial ordering is reflexive, perfect antisymmetrical and max-A
transitive fuzzy relation [23].

(xi) A fuzzy linear ordering is a fuzzy partia ordering such that
VX ye X if x=y ether u(x,y)>0 or u(y,x)>0 [6].
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4. Properties of the weighted relations and the generalized mixture
operator

The dependence between the properties of an aggregated relation and the
corresponding individual relations is useful information, because it is required for
solving a ranking, choice, or cluster problem. The preservation of fuzzy relations
properties by weighted transformations of these relations and by their aggregation
processisconsidered in [4, 5, 12, 16, 17].

The dependence between the properties of R,..,R,..R, and
transformations (16) and aggregation relations (3) will be studied.

If the relations with membership functions x4 (a,b), a,be A i=1..,m are
reflexive and symmetrical it is obvious that the weighted relations (16) and the
generalized mixture operator (3) preserve these properties. The transformations (16)
and (3) do, however, not preserve the property of T-transitivity of the initial
relations asit is seen from the following.

Let R, i=1..., m, beT-transitiverelations, i.e.,

(@ c)2T(y(a b), ¢(b,c)) Va b, ceA i=1..m

Introducing the notations x (a,c)=z, x(a,b)=x, x(b,c)=y, the above
inequality becomes z >T(x,y), i=1...m Two ways to show that the
generalized mixture operator preserves or does not preserve the T-transitivity, are
proposed. The first one consists in proving the preservation of T-transitivity of the
weighted relations (16) and then use the results (3), obtained in [16]. The other way
is to use the sufficient condition for preserving the T-transitivity suggested in [22],
i.e,

PHRIUCHDUCHDIE DR ACH I MDY
PIRIUCHY) PIRTCO IR

Some examples show that (3) does not preserve the T-transitivity of fuzzy
relations. Thetest is done only for max-min and max-A transitivity.

(17)

Examplel. Let R and R, bereflexive and max-min transitive relations, i.e.,
% =1 X; Zmin()ﬁkkaj)f Vi =1 Y > min(y,, qu') vk, i, j, k=12 3:

1 06 08 1 03 03
R=(%)=|03 1 07| R=(y;)=/07 1 05].
02 02 1 07 05 1

Compute the weighted relations (16) with one of the above weighting
functions.
o Let f(x)=1+03x;, f,(y;)=1+0.7y; from (11).

The transformed weighted relationsR", R’ according to (4), (5), (16) and the
aggregated relation R by (3) are:
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1 0294 0.408 1 0153 0.147
R'=/0126 1 0329|, R'=/0406 1 0.265|,
0.084 0.088 1 0406 0280 1
1 0447 0.555
0632 1 0594

0490 0368 1

Py
Il

The examination shows that the two relations are not max-min transitive,
because for R" one has 0.084 < min(0.088, 0.126), for R’ — 0.147 <
min(0.153, 0.265). Therefore, R is not a max-min transitive relation, due to the
results in [16], which is confirmed by the test done here, eg.
0.368 < min(0.490, 0.447).

1+0.2x; 1+0.38

y..
o Let f(x.)=0.6 , f,(y.)=05——2 from (12).
10%) (%) 1+0.8 (12)

1+0.2
Inthiscase, R", R;', according to (4), (5), (16) and (3), are
1 037 050 1 012 011 1 049 061
R'=|016 1 042|, R'=/032 1 020, R={048 1 062]|.
011 011 1 032 021 1 043 032 1

Ry'is not max-min trangitive, because y,; <min(y,,, Y,;) and therefore, R is
not max-min transitive aswell, e.g. 0.32<min(0.43, 0.49).

o Let f(x)=1+(06-02)x +0.2x;, f,(y;)=1+(05-0.4)y, +0.4y;
from (13). Their parameters satisfy the conditions (14) and (15). In this case,
according to (4), (5), (16) and (3):

1 033 046 1 014 013 1 047 059
R'=(014 1 040|, R'=/037 1 024|, R=/051 1 064/
009 010 1 038 026 1 047 036 1

The relationsR", Ry and R ae not max-min transitive, because
Xy <MIN(X,, X,1) 5 Vi3 <Min(y,,, Y,,) and for R—0.36 < min(0.47, 0.47).

Example2. Let R and R, bereflexive and max-A transitive relations, i.e.,
% =1 % 2max(0, x, +x, =1, y; =1 y; 2max(0, y, +y, -1 Vk,i, j, k=1 2, 3:

1 06 09 1 07 03
R=(x)=/07 1 07|, R=(y)=/07 1 05|,
01 04 1 02 05 1

and f,(x)=1+0.8x,, f,(y;,)=1+09y; from (11).
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The sufficient condition for preservation of this transitivity is the validity of
(17) for dl x;, y;,i, ] =1, 2,3, eg. for the element (31) of the aggregated relation

one has:
Xy = 0.1>2max(0, X, + X, —1) =max(0,0.4+0.7-1) =0.1=T(x,,, X,,),
Yo =0.22max(0, y,, + V,, —1) =max(0,0.5+0.7-1) =0.2=T(Ya,, Y,,),
£ (T (X2 %)) =1.08, (T (Y, ¥21)) =1.18,

and then it has to be proved that

Fu (T (a0 Xo )T (0 X1) + Fo (T (Vo0 Yo )T (Va0 ¥au) o
£ (T (%0 X0)) + T, (T (Vaps Vo)) -

> max[o, fl(xsz)xsz + fz(ysz)y32 N fl(le)le + fz(y21)y21 _1}

fl(XSZ) + f2(y32) fl(XZl) + f2(y21)

The computations show that the left side of thisinequality is equal to 0.15 and
the right side is equal to 0.1523, i.e. the operator (3) does not aways preserve the
max-A transitivity of fuzzy relations. From the practical point of view, comparing
the two ways for examination of the preservation of the T-transitivity it is obvious
that the first way is easy for the computations.

Therefore, the operator (3) does not preserve the T-transitivity of fuzzy
relations and the following proposition is very useful, in this case.

Proposition 1. If the relations R, i=1,..,m, are max-min transitive, then
(16) transforms them to max-A transitive fuzzy relations.

Proof. Let R, i=1..., m, bemax-min transitive relations, i.e.

u(a c)=min(u (a, b), (b, c)) Va, b, ceA i=1...m
It has to be proved that
(18) " (@, ¢)>max(0, 1"(a, b)+ 1" (b, c)-1) Va,b,ce A i=1..,m,
where according to (16) and the notations 4 (a, b)=x, (b, c)=Yy,
u(@c)=z,i=1..,m,

w _ fi (X) w _ w
' (a,b)= _S(a, b) X, w4 (b,c)= —S(b, o) Yi, 4" (a,c)

a) Case with linear weighting functions (11)
This caseis aspecia case of the quadratic weighting functionsfor y, = 0.

fi(y) _ fi(z)

~ S(a,c) ik

b) Case with parametric linear weighting functions (12)
The inequality (18) becomes
(19 102z o (o 7 AROX | n@EBYY )
S(a, ¢) S(a, b) S(b, c)
where according to (4)
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S(a b= Y70+ AX). S, )=2 7L+ AY). S(a =7+ A7)

o If x+y <1 then taking into account (5), w(x)x +Ww (y,)y, <1, because
W (x)<1 w(y)<1. Therefore(18) holds.

e If x +y >1 thenithasto be proved, that
20 AW+ B2)7 | 7@t AR AW BYDY
S(a, ¢) S(a, b) S(b, c)

According to z =min(x,y), foral x,y.,z,i=1..,m..z, can be
preordered in such away that

Xx<z<y, i=1.,k y<z<x, i=k+l..,m
Let je[LK], i.e. x; <z <y,. Introducing the notations
(1+lBij)Zj ZZj, (1+,Bij)Xj =Xj, (1+ﬂjyj)yj :Yj
(20) becomesto

(21) 74y 1% Iy
S(a,c) S(a,b) S(b,c)
Z X Z Y.
f L > L or L >__1 't
S(a, ¢) S(a,b) S(a, ¢) S(b, ¢

nei o X 7Y max| 0. 701 Yo
S(a, c) S(a b) S(b, c) "S(a, b) S(b, ¢
and (20) is proved.

_ X, Z Y.
The more complicated case is when L _< L_ an e —
S(a,c) S(a,b) S(a,c) S(b,c)
i.e.,
(22) S(a,b)Z; <S(a,c)X; and S(b,c)Z; < S(a,c)Y;.

From je[LK], i.e. x; <z <y, it followsthat X, <Z; and therefore from

(22) S(a,c)> S(b,c) > S(a,b), for example. According to (21) one has to prove
that
23) 74 1> VX LY

S(a,c) =~ S(a,b) S(b,c)’

i.e, S(a,b)S(b, c)[y;Z; + S(a, c)] = S(b, c)S(a, )y; X; + S(a, b)S(a, €)y,Y;, but
(24) S(a, b)S(b, c)S(a, ¢) - S(a, b)S(a, ¢)y;Y, = S(a, b)S(a, c)[S(b, c) - 7,Y;1 = 0,
(25) S(a, b)S(b, €)y;Z; — S(b, c)S(a, €)y; X; = 7;S(b, c)[S(a, b)Z; — S(a, ) X;] <0.
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Compare (24) and (25). If (24) is greater or equal to (25), then (23) is proved.
The results from the comparisons of the separated multipliers are:

S(a,¢)>S(b,c), S(a,b)>y;. According to the third multiplier one has:

@) S0.9-7Y, = XA+ AY)+7 @AY )A-Y)+ 2 5+ AY)

i=j+1

(27) S(a, o) X; —S(a,b)Z, :i[% A+ Bz2)2+ B;x)x ]+ 7, @+ B;Z))L+ B X)X, +

3[4 A2 B X)X - S 0 X)L 52)7)-

i=j+1
_7/1 (1+ﬂjxj)(l+ﬁjzj)zj __Zm [J/i (1+:Bi)§)(1+,gj Zj)zj]'
i=j+1
Compare the addends from (26) and (27), separately. One has:
j-1 j-1 j-1
2@+ )2 3R B2 BX)X ~ 27 W+ AX)W+ 523,
because
i@+ BY) 2y A+ Bz)A+ Bix )X — v (L+ BX)(A+ BZ)) z;
from
(28) 1+pYy +z+Bxz +,Bj.zj2+ﬂiﬂj>gzj22xj +B.ZX, +ﬂjxf+ﬂiﬂjzixj2,
and
x<z<y<1for i=1..k je[1 K],
BY 2 BX, Bz 2 B, 1+ Bxz + BBz 2 BBz
Besides,
Vi 1+ ﬂj yj)(l_ yj)Z}/j (1+ﬂj Zj)(1+ ﬂjxj)xj —7 1+ ﬂjxj)(l"' ﬂj Zj)211
because
(1+ﬂj yj)(l_ yj) Z(1+ﬂjzj)(l+ﬂjxj)(xj - Zj)!

taking into account that the left side of the above inequality is positive and the right-
hand side is negative (x; < z;).

Finaly,
DA A2 Y A A2+ AX)X - D AW+ X)W 52)Z,
because:

e if i<k, thisisanaogical tothecase, whenie[l, j-1],
e if i>k, then y <z<x, but x,<z<y, and from (28) x <z,

Bxz, 2 fzx, BZ=BX, 1+ BY, + BBXZ = BB,zX, i.e, theinequality (23)
holds and hence (19) is proved.
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¢) Case with quadratic weighting functions (13)
In this case

S(a,b) = Zf(x) Z(1+(ﬁ KX +7%) = m+Z><

(29) S(b, ¢) = Zf(Y.) Z(1+(ﬂ POV HRY)=mE Y,

i=1

S(a, ¢) = zf(z) Z(1+(ﬂ 705 +75) =M+ D 2,

It hasto be proved thaI (18) holds.
Let je[Lm] and x <z <y,, eg. z=min(x,y), for dl x,y,z,
i=1..,m If it can be proved that
fi(z)z, > F05)% fi(y))y,
S(a,c)  S(a,b) S(b,c) ’
then (18) is valid in view of the inequality z>xy>max(0,x+y-1),
X, ¥,z2<[0,].
From x; <z <y, itfollowsthat f,(z)z > f,(x)x;.
If S(a,c)<S(a,b), S(ac)<S(b,c) or S(a, c)<S(a b)S(b,c), then (18) is
valid.
Let S(a,c)>S(a,b), S(a,c)>S(b,c) and S(a c)>S(a, b)S(b,c), then it
hasto be proved in (30), that
1 Hy,
S(a,c) S(a, b)S(b,c)
Thisinequality may be rewritten taking into account (29), asfollows:
(m+>" " XM+ " Y) = f(y)y,(m+>" Z)
But m’>nf,(y,)y;, because mx>2, (1+(,Bj—7j)yj+7/jyj)yjsl+ﬂ132

and m(Z, X 1Y)— f,(y;)y; 2. Z, which follows from x <z <y, or

y, <z <x by assumption. Therefore, (31) isvalid.

The properties reflexivity, symmetry and max-A transitivity of the aggregation
operator (3) gives a possibility to decide the problems of choice, ranking or
clustering after the computation of the aggregated relation. The following
propositions are useful for this purpose.

3

(30)

(31)

= S(a,b)S(b, ) > S(a, ©) f, (¥,)Y,-

Corollary 1. If R, i=1,...,m, are reflexive and max-min transitive relations,

then the relations R", i=1,..,m, with membership functions (16) are fuzzy

preorders.
The proof follows from Proposition 1 and the definition for fuzzy preorder
(see Section 3).
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Corollary 2. If R, i=1..m, are similarity relations, then the relations

R", i=1,..., m, with membership function (16) are likeness relations.

The proof follows from Proposition 1 and the definition of likeness relation
givenin Section 3.

Corollary 3[16]. If therelations R", i =1,...,m, are fuzzy preorders, then the

aggregation relation with the membership function (3) is a fuzzy preorder relation
aswdll.

Corollary 4 [16]. If R" i=1..m, are likeness relations, then the
aggregation relation with membership function (3) is alikeness relation aswell.

5. Numerical example
This example illustrates the application of the results obtained in deciding the

problem of aternatives’ ranking. The computed aggregated relations R from the
example 1 and weighting functions (11), (12) and (13) are:

a b c a b c

a/ 1 0447 0555 a/ 1 049 061
R=b{ 0632 1 059 ]|, R=b/ 048 1 062|,

c{0490 0368 1 cl043 032 1

a b c

af 1 047 059
R=bj 051 1 0.64].

cl047 036 1

These fuzzy preference relations are fuzzy preorders (Corollary 3). Then, the
perfect antisymmetry relationsR'of R are computed (see the definition in
Section 3), i.e., if R(a,b)>R(b,a) > R'(a,b)=R(a,b)v R(b,a)=0,

a b c a b c a b C
al 1 0 0555 afl 049 0.1 al 1 0 059
R'=b{ 0632 1 0594, R'=b/0 1 062|, R'=bj051 1 0.64|.
c. 0O 0 1 clo O 1 ct 0 0 1

The relations R are fuzzy partial orderings, because they are reflexive,
perfect antisymmetrical and max-A transitive. It is obvious that these relations are
fuzzy linear orderings, i.e.,

e for thelinear weighting function (11) thisordering is:

0.632 0.555 .
b >a 5C;
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e for the weighting function (12) this ordering is:

049 |y 062
7

a >C;

o for the weighting function (13) this ordering is:
b 0.51 sa 0.59 5C.
It can be seen that, the orderings in the cases with linear and quadratic

weighting functions are equal and they differ from the ones with parametric linear
function.

6. Concluding remarks

Weighting functions and fuzzy relations are considered herein instead of constant
weights of the criteria and crisp evaluations of the criteria. The introduction of
weighting functions, depending continuously on the criterion satisfaction values
produces weighted aggregation operators with complex dependency on these
values. The advantage of these functions consists in their ability to fine the small
values and to reward the great values of the membership degrees. The proved
properties of the weighted relations give a possibility to use transformed relationsin
aggregation procedures. The aggregated preorder relation may be used in the
decision making problems for choice or ordering among the set of alternatives. The
property of likeness of the aggregated relation is useful for solving a clustering
problem of the alternatives’ set.
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