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1. Introduction

The theory of fuzzy measures and fuzzy integrals was introduced by Sugeno
[16] and intensively studied. Monographs [15] and [18] are dedicated to this topic.
Recently, several classical inequalities were generalized to fuzzy integral. Flore s-
FranulicandRoman-F1lores][11] provided a Chebyshev type inequality
for fuzzy integral of continuous and strictly monotone functions based on Lebesgue
measure, then O uyang, FangandW an g [13] generalized the result and
obtained a Chebyshev type inequality for fuzzy integral of monotone functions based
on an arbitrary fuzzy measure. The series of papers on this topic was recently closed
by Mesiarand Ouyan g ([14]) with a general version of Chebyshev inequality
for the Sugeno integral on an abstract fuzzy measure space, based on a product-like
operation.

The theory of intuitionistic fuzzy measures was developed in the last years (see [3-
8]). In this contribution we use the theorem of decomposition of the Sugeno integral
with respect to intuitionistic fuzzy-valued fuzzy measures ([8]) and the general result



in [14] to obtain a general Chebyshev type inequality for intuitionistic fuzzy-valued
fuzzy integrals of measurable intuitionistic fuzzy-valued functions with respect to
intuitionistic fuzzy-valued fuzzy measures.

2. Preliminaries

We recall some basic definitions and previous results which will be used in the sequel.
Throughout this paper, X is a nonempty set, A is a o-algebra of subsets of
X, Ry = [0,400] and all considered subsets belong to .A.

Definition 1 ([17]). A set function 1. : A — R, is called a fuzzy measure if the
following properties are satisfied:

(i) w(®) =0;
(i) A C Bimplies yu(A) < u(B);

n—o0o

(ifi) A1 C A, C ... implies p ([’j An> — lim p(A,):
n=1

(iv) A1 D A D ...and p (A1) < +ooimply p <ﬁ An> = lim p(A4,).
n=1

n—oo

If 1 (X) = 1then p is called a normalized fuzzy measure.
When p is a fuzzy measure, the triple (X, A, 1) is called a fuzzy measure space

and we denote by A% (X) the set of all non-negative p-measurable functions with
respect to A.

Definition 2 ([15-18]). Let (X, .A, 1) be a fuzzy measure space and A € A. The
Sugeno integral of f € A% (X) on A, with respect to the fuzzy measure ., is defined
by

®) [ fdu= v (ann(AnE)).
A
where F,, = {z € X : f(z) > a}, a > 0.

We recall that two functions f1, fo : X — R are said to be comonotone (we
denote fi ~ fo)ifforall z,y € X

(fi(z) = f1(y) (fa(z) — f2(y)) = 0.
The set of intuitionistic fuzzy values
L={(z,y):z,y€[0,1],z+y <1}

is important in intuitionistic fuzzy set theory ([1,2]). The set £ is a complete lattice

(19D

(w1,91) < (w2,%2) ifandonly if z; < 2 and y; > yo,



s%pW = (sup{z € [0,1] |3y € [0,1] : (z,y) e W},

inf{y € [0,1] |3z € [0,1] : (z,y) € W }),
i%fW = (inf {x € [0,1] |3y € [0,1] : (z,y) € W},

sup{y € [0,1] |3z € [0,1] : (z,y) € W }),

foreach W C L. If (ay,), oy C £, 0, = (xp,yy) i increasing, i.e. a, <g a1, for
every n € N, or decreasing, thatis a,, 11 <. a,, forevery n € N, then it is convergent
and (see [6, p. 168])

li[r:n ap, = ( lim z,, lim yn) .

n—oo

Definition 3 (see [6]). A mapping v : A — L is called an intuitionistic fuzzy-
valued fuzzy measure or intuitionistic fuzzy measure if the following properties are
satisfied:

(i) v (0) = (0,1) and v (X) = (1,0);

(i) A C Bimplies v (A) < v (B);

n—oo

(ifi) A1 C Ay C ... implies v ([’j An> — limgv (Ay) :
n=1

(i) A, D 4, O ... implies v (ﬁ An> — limgv (A,) .
n=1

n—oo

The triple (X, A, v) is called an intuitionistic fuzzy measure space.

Theorem 1. Ifv: A — L,v(A) = (v1 (A),v2 (A)) is an intuitionistic fuzzy
measure then vy,v§ : A — [0,1],05(A) = 1 — vy (A), for every A € A, are
normalized fuzzy measures.

Proof: Seel6, Definition 3.3, p.174 and Theorem 3.6, p.177.] &

Definition 4 ([6, p. 206], see also [8]). Let (X,.4,v) be an intuitionistic fuzzy
measure space. A function f : X — L is called v-measurable with respect to A if
{reX:f(x)<ra}eAd
and
{reX: f(x)>a}leA,

forevery a € L.

We denote by A" (X) the set of all v-measurable functions with respect to .A.

As a matter of fact, the measurability of an intuitionistic fuzzy-valued function
reduces to the measurability of its components.

Theorem 2 ([6, p. 206], see also [8]). Letf: X — L, f(z) = (g(z),h(z)),
z € X.Then f € A°(X)ifandonlyif g € A% (X)and h € A (X).



The Sugeno integral of an intuitionistic fuzzy-valued mapping, on a crisp set, with
respect to an intuitionistic fuzzy measure is defined as follows.

Defintion 5 ([6, p. 206] or [3]). Let (X, .4, v) be an intuitionistic fuzzy measure
space and f € A" (X). The Sugeno integral type of f on A € A with respect to v,

denoted by (S) f)f fdv, is defined by

c
(S) / fdv= s%pirﬁlf (a,v(ANE,)),
X

acl

where F,, = {x € X : f (z) >, a},foreverya € L.
3. Main result

The following results help us to reach the Chebyshev type inequalities for Sugeno
integrals with respect to intuitionistic fuzzy measures.

Theorem 3 ([6, p. 215], see also [8]). Letwv : A — L,v = (vy,v9) be an
intuitionistic fuzzy measureand f € A" (X), f (z) = (g (), h(x)). Then

(S)jfdv: ((S)/gdvl,l(S)/thvg)
X

X X
where h¢ (z) =1 —h(z),z € X,v5(A)=1—-vy(A),A € A
Theorem 4 ([14]). Let f,g € A% (X) and p be an arbitrary fuzzy measure such
that both (S) [ fdu and (S) [, gdu are finite and let  : [0, 00)* — [0, 00) be con-

tinuous and nondecreasing in both arguments and bounded from above by minimum.
If f, g are comontone, then the inequality

() Z [ g, dy > ((S) X/ fdu) * ((S) / gdu)
holds.

The notion of comonotonicity can be extended in the following way.

Definition 6. Two intuitionistic fuzzy-valued functions f1, fo : X — L are called
comonotone if, forall z,y € X,

fi(x) <¢ fi(y) and fa (z) <c f2 (y)

or

fi(@) 2¢ fi(y) and fo(2) =2 f2 (y) -



Proposition 1. If fi, fo» : X — L are comonotone and f; = (g1,h1), fo =
(g2, h2) then g1 ~ gy and hy ~ hy.

Proof. Itisimmediate. &

Theorem 5. Let v be an intuitionistic fuzzy measure and f1, fo € A” (X). Let
x: LXL— L
be non-decreasing in both arguments with respect to <., such that
(a,b) * (¢,d) = (aoc,bod),

where x oy < min (z,y) ,z ¢y > max (z,y) Vx,y € [0, 1] and o, < are continuous.
If f1 and f, are comonotone then the inequality

L c L
(S) / ok fodv > (S) /X Fudv + (S) / Fodv
X X
holds.

Proof. Ifv=(v1,v2),f1 = (g1,h1), fa = (g2, h2) then, taking into account
Theorem 3, the above inequality is equivalent to

((S)/XQIOQQdUl,l(S)/(lhlohg) dvg) >,

> ((S) [ oo (5) [ gutn

<1—(S)/X(1—h1)dug)<><1—(S)/X(1—h2)dug)>.

Because g; and g, are comonotone (Proposition 1), v; is a finite fuzzy measure
(Theorem 1), o is nondecreasing in both arguments and bounded from above by min-
imum we obtain (Theorem 4)

(S)/g1 o gy dvy > (S)/g1 dvy o (S)/g2 dv.

X X X
We introduce OJ : [0, 1] x [0,1] — [0, 1] by
0y=1—(1-2)o(1—y)Vz,y €[0,1].

Then O is nondecreasing in both arguments and bounded from above by minimum.
If h1 and ho are comonotone (Proposition 1) then 1 — h; and 1 — hy are comonotone
too. Because v5 is a finite fuzzy measure we obtain (Theorem 4)

(S)/(l—hl)D(l ~ hy) dus > (S)/(l—hl) dvsT] (S)/(l—hg) vt

X X X



which is equivalent to

(S)/(l ~ by o hy) duS >

>1- (1<s>/<1h1>dv5)o<l<S>/X<1h2>dv5>

X
and the proof is complete.l

Remark 1. If

ve () =1—wv () Vo € X,

hi(2) =1— g1 (2) Vo € X,

hy (2) = 1 - gs (z) Va € X,
(I1—a)o(l1—¢c)=1—aocVa,cel0,1]

then Theorem 5 gives a general Chebyshev inequality for Sugeno integrals in the

fuzzy case (see [14, Theorem 3.1]).

4. Examples

If T is a triangular norm and S is its dual triangular conorm, that is (see e. g. [12])
S(x,y)=1-T1 —x,1—y)Va,y € [0,1]
then 7 : £ x £ — L defined by
7 ((a,b),(c,d)) = (T (a,¢), 5 (b,d))

is an intuitionistic fuzzy norm (see [10] or [6, p. 7]), that is 7 is nondecreasing in
both arguments with respect to <. If, in addition, T is continuous and

T (z,y) < min(z,y) Vz,y € [0,1],
then S is continuous and
S (z,y) > max (z,y) Vz,y € [0,1]

such that the hypothesis in Theorem 5 are satisfied for o = T"and ¢ = S. In this way
we have the possibility to obtain many examples.

Example 1. If v is an intuitionistic fuzzy measure and f1, fo € A" (X) are
comonotone then

® | i fadv 22 (9) /. v (9) /. * fua,

where - is generated as above by triangular norm 7' (z,y) = xy, x,y € [0, 1]. If with
the above notations X = [0, 1], vy is the Lebesgue measure on R, v, = 1 — vy, g1 and

10



go are both continuous strictly increasing or continuous strictly decreasing functions,
hi = 1— g1,hs = 1 — g then the previous inequality becomes the Chebyshev
inequality in the fuzzy case (see [11]).

Example 2. If v is an intuitionistic fuzzy measure and fy, fo € AY(X) are
comonotone then

L L L
(S)/X JiN fadv >¢ (S)/X fldv/\(S)/X fadwv,

where A is generated as above by triangular norm 7' (z,y) = min (z,y),z,y €
[0, 1]. Together with the monotonicity of Sugeno integral with respect to intuitionistic
fuzzy measures (see [6, Theorem 3.45, p. 217]) we obtain

C L L
(S)/X fl/\fzdv:(S)/fldv/\(S)/fzdv
X X

that is the property of comonotone minimitive property is valid for Sugeno integral
with respect to intuitionistic fuzzy measures.
The following example proves that the inequality in Theorem 5 can be strict.

Example 3. Let X = [0,1], f1 = (g1, h1) , fo = (92, h2) , g1 (x) = 2%, Iy () =
1 —z,92(x) = %,hg (x) = % and - as in Example 1. Let the intuitionistic fuzzy

measure v = (v1,v7) be defined as vy (A) = m? (A) ,v9 (A) =1 —m (A), where m
is the Lebesgue measure. Then we have

(S)/gld’ul— v (04/\(1—\/5)2):%,

a€(0,1]
[0,1]
7—-V13
dvy = ( - 2) - :
(S) /92 U1 ae[(\){1/3] Oé/\( 30[) 13
[0,1]
(S)/hfdvgz V (aAN(l—a)) =<
a€l0,1]
(0,1]
and )
h5dvs = 1) = -
(5) [ hsds= v (ann) =3
(0,1]
that is

(S)/ﬁfldv'(s)/ﬁhd”_ G%) ' (7_15{?%) B (7_7;/E’%>'
X X

11



On the other hand,

therefore

c
3
(S)/fl'f2dvz (S)/%dvl,l—/ %dvg
4 0.1

2
= v All=+3 1— Vv A(1=2
<aewAm1<a < O) )’ aqaum(a ( a”)
2
- <Oé(), g) )

where o € (11—0, %) We obtain

(S )/Ef < fodv >, (S /fldv /de’U
[0,1]

[0.1] [0,1]
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