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Abstract: In preceding paper [6] we have presented an elementary approach to the
notion of the probability on intuitionistic fuzzy events (IF-events). In the present paper
we present a similar approach to the notion of an observable what is an analogue of
the notion of random variable in the classical Kolmogorov theory.
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1. Introduction

An IF-set is a mapping A = (ua,va) : @ — [0,1] such that uq +v4 < 1. The
function p 4 is called the membership function, v 4 the non - membership function. If
vy =1 — pga, we obtain simply a fuzzy set 4 : Q — [0, 1].

Let us recall basic definitions of the Kolmogorov probability theory. The basic
notion of the probability theory is the notion of a o-algebra S, i.e. a family of subsets
of Q satisfying the following properties:

i Qes,

(i) AcS=0-A€cS,

38



(i) A, €S (n=1,2,3..) = |J A, €.

n=1
The set belonging to S are called events.

Example 1.1. Consider S = {0, Q}. Evidently S is a o-algebra. It presents an ex-
treme situation, the smallest possible o-algebra of subsets of €2: the only measurable
sets are the empty set () and the whole space Q.

Example 1.2. Let S consists of all subsets of Q (S = P(£2)). It presents the
second extreme situation: every subsets of 2 is measurable.

Example 1.3. Let 2 = R, J be the family of all closed bounded intervals [a, b].
They do not form a o-algebra, but the convenient o-algebra is the o-algebra 5(R),
the smallest o-algebra containing 7. The sets belonging to B(R) are called Borel
sets.

Recall a possible (equivalent) definition of a probability P defined on a o-algebra

() P(@) =1,
(i) PLAUB)+P(ANB)=P(A)+ P(B)forany A,B € S,

(i) A, N\ 0 (i Ay D Apii(n=1,2,.), (] An = 0) = P(A,) \, 0.
n=1

A similar notion is the notion of a random variable n : 2 — R what is a measur-
able function, i.e.
el es

for any interval I C R. This mapping is theoretically described by the distribution
function F': R — |0, 1] defined by the equality

F(t) = P(¢7((—o0,1))).
In IF-probability theory we shall work with IF-events. An IF-set A = (u4,v4) iS
called an IF-event, if 4,04 : Q — [0, 1] are S—measurable, i.e.
p() eS, vt eS

for any interval I C R.
If A= (pa,va), B= (up,vp) are events, then we define
AEBB: (,LLAEBMB”UAQ,UB)’
AOB = (ua® pp, pa ® pp),
—“A=(1—pa,1—va),
where a & b = min(a+b,1),a © b = max(a+ b — 1,0).

Further
A< B & pa<pp,va>vp.

It is easy to see, that

Ay S A pa, / pava, \ va.
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Recall that the operations &, ®, — play an important role in the multivalued logic.
Namely, f & g corresponds to the disjunction, f ® ¢ to the conjunction and — f to the
negation. Also in the set theory they have a similar meaning: if f = x4,9 = x5,
then

XA D XB = XAUB, XA O XB = XAnB, 7XA = XA’

2. |F-observables

Instead of probability or random variable respectively we shall define in our IF
theory a notion of a state corresponding to probability and a notion of an observable
corresponding to notion of a random variable. Denote by F the family of all IF-
events. The paper contains an elementary approach to the theory of IF-observables.
If somebody wants to use the theory, he need not known profound mathematical back-
grounds, since they are translated to a simpler language.

Definition 2.1. An IF state is a mapping m : F — [0, 1] satisfying the following
conditions:

henever A, B € F,

Definition 2.2. Let C be the family of all intervals of the form (—oo,t),t € R.
An IF-observable is a mapping x : C — F satisfying the following conditions:

(i) ACc B=z(A) <z(B),

(i A, /" R=z(A,) / (1g,00),

(i) A, /7 A= w(A,) /7 2(A),

(V) A, \ 0 = 2(An) \ (0g, 1)

Theorem 2.3. Let x : C — F be an IF-observable, m : F — [0, 1] be an IF-state.
Then the function F' : R — [0, 1] defined by

B(t) = m(z((—00,1)))

is a distribution function.

P roof: By (iii) of Definition 2.1 and (i) of Definition 2.2 we obtain that £ is non
decreasing. The properties (ii),(iii) of Definition 2.1 and (ii) of Definition 2.2 imply
lim F(n) = 1, the properties (iv) imply lim F(n) = 0. Finally (iii) of Definitions

n—oo

2.1 and 2.2 imply also that £ is left continuous in every pointt € R .

3. Joint IF-observable

Definition 3.1. Let D = {(—o0,u) X (—o0,v);u,v € R},z,y : C — F be
IF-observables. The joint IF-observable of x, y is a mapping h : D — F satisfying

(i) AC B = h(A) < h(B),

(i) A, /" R* = h(A,) / (1q,0q),
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(i) A, 7 A= h(A,) 7 h(A),
(V) un /" 00,0, / 00 =

h((_ooau) X (_OO7UTL)) / $((—OO,U)),h((—OO,’LLn) X (_OO’U)) / y((—OO,U)).

Theorem 3.2. Define F : R* — [0,1]F(u,v) = m(h((—o0,u) X (—00,v))).
Then F : R? — [0,1] is a distribution function F(u, ) = Fy(u), F(—o00,v) =
F5(v), where Fy is the distribution function of x, F; is distribution function of y.
P roof: It was proved in [4] and [8] that to any observables =,y : C — F there

exists mappings

z,y:B(R) — F
such that

zlC =2,ylC=y
and 7, y have all properties of observables. Also it was proved that there is
h : B(R?*) — F having all the properties of observables and such that

~

h(C x D) = 7(C)j(D)

(here the product A.B is defined by the equality
A.B = (/,LA.,LLB, 1-— (1 — VA)(l — VB))). Put

h = h|D.
Then
h((—00,u) X (—00,v)) = z((—00, u).y(—00,v))
hence
F(u,v) = m(z((—o0,u)).y((—o0,v))),u,v € R.
Therefore
Jim Fu,v) = lim m(a((—o0,u)).y((—o0.m))) =
=m(\/ z((—o0,u)).y((—00,n))) =
= m(a((~o0,w). \/ y((~00,n))) =
=m(z((—o0,u)).(1g,0q)) =
= m(z((—o0,u))) = Fi(u)
[ |
4, Conclusion

There is very well organized probability theory on IF-events (with respect to the
tukasiewicz operations) or more generally in MV-algebras. Of course, in the the-
ory some notions and proofs are quite complicated. Therefore, we have presented in
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the paper some simple formulations describing some important results without men-
tioned difficulties.
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